Lecture notes 1 January 25, 2016

Overview

Notation

Matrices are written in uppercase: A, vectors are written in lowercase: a. A;; denotes the
element of A in position (4, 7), A; denotes the ith column of A (it’s a vector!) and a; denotes
the ¢th entry of a.

1 Sparsity

In the following sections we describe some applications of sparse models in signal and image
processing, statistics and inverse problems. The goal is to provide a high-level picture of
how to leverage sparsity assumptions in these domains.

1.1 Denoising via thresholding

In data processing, data are often described as a combination between a signal component,
which contains the information that we are interested in, and a noise component, which
accounts for perturbations that corrupt the signal. The problem of denoising data consists
of teasing apart the signal and the noise, using prior information about their structure.

Let us consider an additive noise model
data = signal + noise. (1)

If we expect the signal to be sparse, then an intuitive denoising method is to set to zero any
entry that is below a certain value. This is known as hard thresholding (as opposed to
soft thresholding, which we will learn about later in the course).

Definition 1.1 (Hard thresholding). Let x € R". The hard-thresholding operator H, :
R™ — R™ sets to zero any entries in x with magnitude smaller than a predefined real-valued
threshold n > 0,

0 otherwise.

H, (x), = { ¥ | >, )

Figure 1 shows an example in which a sparse signal is denoised by applying hard thresholding.
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Figure 1: Denoising via hard thresholding.

1.2 Sparsity in a basis

Even though signals of interest in applications are often not sparse at all, they are often
well modeled as a linear combination of a small number of predefined atoms. This can be
conveniently expressed mathematically by grouping the atoms as columns of a certain matrix
D, which is often known as a dictionary. Recall that for any matrix D € R™*" and any
vector ¢ € R™, the matrix-vector product

DC = i Dz C;, (3)
=1

is a linear combination of the columns of D weighted by the entries in c. If the signal x = D¢
can be represented by a combination of a few atoms in the dictionary, then its corresponding
coefficient vector ¢ will be sparse.

Sinusoids are an important example of atoms that allow to obtain sparse representations.
Figure 2 shows an example of a signal that is sparse in such a dictionary. Another very
popular sparsifying transform in signal and image processing is the wavelet transform.
Figure 3 shows a natural image and its corresponding wavelet coefficients, most of which are
extremely small.!

If the atoms form a basis of the ambient space, then the coefficients ¢ € R™ in the represen-
tation of x,

x = Be, (4)

!The numerical simulations in Figures 3 and 5 were implemented using Gabriel Peyré’s Wavelet Toolbox
which is available online at http://www.ceremade.dauphine.fr/~peyre/matlab/wavelets/content.html
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Signal DCT coefficients

Figure 2: The signal on the left is sparse after applying a discrete cosine transform (DCT), which
expresses the signal in terms of cosine atoms. The corresponding coefficients are shown on the
right.

can be retrieved by applying the inverse of the dictionary B. This is the case for both
examples in Figures 2 and 3.

If we consider data corrupted with additive noise,
y = Bc+ z, (5)

it is straightforward to exploit the sparsity assumption through thresholding. We only need
to apply the inverse of the dictionary and then threshold. The estimated coefficients are of
the form,

¢=H, (B y), (6)
which yields the signal estimate

§=Bé=BH, (B y). (7)

Figures 4 and 5 show the results of applying this denoising method to the signals in Figures 2
and 3. Both signals are corrupted by additive Gaussian noise. In both cases, exploiting the
sparse decomposition allows us to denoise the data very effectively.
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Figure 3: Coeflicients in a biorthogonal wavelet basis (center) of a natural image (left). Plotting
the ordered coefficients reveals that the image is highly compressible in the wavelet domain (right).
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Figure 4: Denoising via hard thresholding in the DCT basis.
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Figure 5: Denoising via hard thresholding in a biorthogonal wavelet basis.
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Figure 6: A signal consisting of spikes and sinusoids (left) and its DCT representation (right).

1.3 Sparsity in redundant representations

Figure 6 shows a signal that is not sparse either in a basis of spiky atoms or sinusoidal atoms.
However, it is sparse in a dictionary that contains both sinusoids and spikes,

a

e=De=[I F] {b

} =a+ I, (8)
where I € R™" is the identity matrix and F' € R" " represents a basis of sinusoids (F
stands for Fourier).

Clearly, the dictionary D € R™ 2" is not invertible. There are many (in fact infinite!) ways
of representing the signal in terms of the atoms of the dictionary. This makes it challenging
to leverage the assumption that the signal has a sparse representation in the dictionary. Let
us consider for a moment the problem of finding a sparse representation even if there is no
noise. Ideally, we would like to solve the following optimization problem.

min
GeER™

¢|l, such that z = D, (9)

where the ¢, “norm” of a vector x € R™ (which is not really a norm) is equal to the number
of nonzero entries of x

]l = card ({i | 2; # 0}). (10)

Problem 9 is intractable even for signals of very moderate size. However, it turns out that
there is a tractable optimization problem that often produces sparse representations; it is
obtained by replacing the ¢, “norm” with the ¢; norm

min ||¢[|, such that z = Dec. (11)

ceRm
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Figure 7: The original coefficients of the signal from Figure 6 in a dictionary containing spikes
and sinusoids are shown on the left. Minimizing the 5 norm of the coefficients does not yield a
sparse representation (center), but minimizing the ¢; norm does.
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Figure 8: The minimum #;-norm solution is sparser than the minimum #o-norm solution because
of the geometry of the £;-norm and ¢o-norm balls.

Figure 7 shows how /;-norm minimization allows to compute a sparse coefficient vector in
the case of the signal in Figure 6. In contrast, minimizing the ¢, norm of the coefficient
vector produces a very dense solution.? This is due to the geometry of the ¢; norm and the
¢ norms. Figure 8 provides a picture for the case where the dictionary has two atoms. The
¢1-norm ball is more concentrated around the axes than the £o-norm ball. It is therefore more
likely for the line representing the constraint x = Dc to be tangent to the ball on an axis,
where the solution has cardinality one instead of two. As a result, the minimum ¢;-norm
solution is sparser than the minimum />-norm solution.

In order to learn sparse representations when noise is present in the data, we can eliminate

2The numerical simulations in Figure 7 and several other figures in these notes were implemented using
Stephen Boyd’s and Michael Grant’s CVX software which is available online at http://cvxr.com/cvx/
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Figure 9: Denoising via /1-norm-regularized least squares.

the equality constraint in Problem 11 and add a data-fidelity term to the cost function. This
is often known as basis-pursuit denoising. In more detail, we estimate the coefficients by
solving

¢ = arg min ||o — D[} + AlJel, (12)

where A > 0 is a regularization parameter that determines the tradeoff between the term
that promotes sparsity and the term that promotes data fidelity. Figure 9 shows the result
of applying this denoising method to a signal that has a sparse representation in a dictionary
of spikes and sinusoids.

1.4 Learning the dictionary

Dictionary-learning techniques allow to learn dictionaries directly from the data. This is
very useful in situations where a dataset with a large number of signals cannot be compactly
represented in any predefined dictionary. If the signals are grouped as columns of a matrix
X € R™* (k is the number of signals in the dataset), the aim is to learn a dictionary
D € R™™ guch that X = DC, where the matrix of coefficients C' € R™** is very sparse.
Following the heuristic that penalizing the ¢; norm promotes sparse solutions, an option is
to solve the following optimization program,

- )2 - -
_min X—DC" +)\HCH such that HDi —1, 1<i<m, (13)
CeRmxk F 1 2

where the atoms of the dictionary are constrained to have unit norm. ||-||; denotes the

Frobenius norm, which is equal to the /5 norm of the entries of the matrix interpreted as a
vector.

As we will discuss later in the course, this optimization problem is much more challenging
to solve than (12), where the dictionary is fixed. Without getting into too much detail,
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Figure 10: Atoms (right) learnt from patches extracted from a natural image (left).

the optimization problem is nonconvex, and hence may have many local minima. Figure 10
shows patches learnt from a natural image.®> The corresponding dictionary can be used to
denoise other images quite effectively, as shown in Figure 11.

1.5 Sparse regression

In statistics, the problem of regression is that of learning a function that allows to estimate
a certain quantity of interest, the response or dependent variable, from other observed
variables, known as covariates or independent variables . For example, we might be
interested in estimating the price of a house from the number of square feet, the number of
rooms and the location. In linear regression, we assume that the function is linear. In
that case, the model is of the form

p

=1

where n is the number of data, y € R" is the response, Xi, Xs,..., X, € R" contain the
covariates and 61,0,,...,0, € R are the parameters of the linear model. In matrix form,
y ~ X60. In order to calibrate the model, a common procedure is to fit the parameters so
that the model approximates the response as closely as possible in 5 norm. This is achieved
by solving the least-squares problem

s := arg min
0cR"

y—XéHz. (15)

3The numerical simulations in Figures 11 and other figures in these notes were implemented using scikit-
learn, which is available online at http://scikit-learn.org.
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Figure 11: Denoising results using the dictionary learnt from the image shown in Figure 10.
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In some applications, however, many of the covariates may actually be unrelated to the
response. Imagine that we are trying to investigate the connection between the expression of
several genes and a certain disease. Each covariate corresponds to a gene and the response
quantifies a symptom of the disease. If most genes are unrelated to the disease, then we
need to perform model selection, i.e. determine what genes we should incorporate in
the regression function. Otherwise the model might try to explain the response using the
irrelevant covariates. Although this could actually allow to obtain a better fit on the data
that we are using to learn the model, it will hurt the ability of the model to generalize
to new data. In machine learning and statistics this is known as overfitting. For this
reason, if we have reason to suspect that only a few covariates are actually relevant, it makes
sense to try to fit a sparse model to the data. As in the case of sparse representations in
redundant dictionaries, penalizing the ¢;-norm often achieves this goal. In statistics, £;-norm
regularized least squares is known as the lasso,

y— X0 0| . (16)

Olasso := arg min
1

2
+ A
OcR™ 2

A > 0 is a regularization parameter that controls the level of regularization.

Let us illustrate all of this with a simple numerical simulation.

1. We generate a training set by computing the response as a linear combination of 3
covariates and add some noise to the data

Ytrain = [X{rain X;rain X?Erain} 0+ Zirain, (17)
where n = 100, i.e. the response, covariates and noise vectors all have dimension 100.

2. We fit the model using a covariate matrix that includes 47 extra covariates X4, Xj,
..., X50 that are completely independent from the response,

Xpain = [X1 Xo X3 Xy -0 Xso], (18)
3. We test the model using a and a test set that consists of a response
Yrest = [XT®0 X3 X5 0+ ziest, (19)
and a matrix of covariates
Xt = [X1 Xo X3 Xy - Xy, (20)

where again n = 100, i.e. the response, covariates and noise vectors all have dimension
100. The coefficient vector 6 is the same as in the training set.

11
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Figure 12: Value of the coefficients in the lasso (left) and ridge-regression models for different
values of the regularization parameter \.

4. We fit the model using least-squares regression, the lasso and also ridge regression,
which penalizes the {5 norm of the parameter vector and is known as Tikhonov regu-
larization in the applied-mathematics literature,

2

2
y— X0 2—1—/\ (21)

\a

eridge ‘= arg mln

fER™ 2

Figure 12 shows the value of the fitted parameters for different values of the regularization
parameter. When A is very large, all of the coefficients are set to zero by the lasso and
by ridge regression because the fitting error has no weight in the cost function. When A\ is
very small, both methods are equivalent to least-squares regression. In between these two
regimes, the lasso model is sparse and for a certain range of values of A\ it only includes
the relevant features. In contrast, ridge regression allows to diminish the influence of the
irrelevant covariates, but is not sparse. As discussed previously, this is due to the geometry
of the ¢;-norm and ¢>-norm balls (see Figure 8).

Figure 13 plots the relative error achieved on the training and test sets for least-squares
regression, the lasso and ridge regression. In the training set, least-squares regression achieves
the smallest error by overfitting the data. This becomes obvious when we compare the error
on the test set, where the fit of the sparse model obtained by the lasso is significantly better.
Ridge regression also prevents overfitting to some extent, but not as effectively as the lasso.

12
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Figure 13: Relative £5 norm error in estimating the response achieved using least-squares regres-
sion, the lasso and ridge regression.

1.6 Inverse problems

This section describes two inverse problems that are ill posed unless we make some as-
sumptions on the signal structure. In particular, leveraging sparsity-based models through
the use of ¢;-norm regularization often allows to obtain estimates, even if the problem is
underdetermined.

1.6.1 Super-resolution

Extracting fine-scale information from low-resolution data is a major challenge in many areas
of the applied sciences. In microscopy, astronomy and any other application employing an
optical device, spatial resolution is fundamentally limited by diffraction. An example with
real data is shown in Figure 14. Figure 15 illustrates a model for the data-acquisition process
in such cases: the object of interest is convolved with a point-spread function that blurs the
fine-scale details, acting essentially as a low-pass filter. The problem of super-resolution is
that of reconstructing the original signal from the blurred measurements.

Computing the convolution between two signals can be carried out by multiplying their
spectra in the frequency domain. To simplify matters, let us assume that the signal of
interest is a vector x € R™ and that the point-spread function of the sensing mechanism is
a perfect low-pass filter. In that case, the spectrum of the measurements, which we denote

13
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Figure 14: An example of deconvolution in fluorescence microscopy applied to data from the
Moerner lab at Stanford by V. Morgenshtern. On the left, it is not possible to distinguish the
individual fluorescent probes due to heavy aliasing. On the right, deconvolving the point sources
in the individual frames and pooling the frames together reveals the fine-scale details of the object
of interest.

by y, is equal to
Yy = fL z, (22>

where z € R™ is the signal of interest and JFp, is a n X m submatrix of the discrete Fourier
transform (DFT) matrix. Since some frequencies are suppressed, the number of measure-
ments is greater than the dimension of the signal m > n, which implies that the system is
underdetermined. If there is any solution to the system, there are infinite solutions, so we
need to make further assumptions for the inverse problem not to be completely ill posed.

In many applications, a reasonable assumption is that the signal is well modeled as a super-
position of point sources; examples include celestial bodies in astronomy, fluorescent probes
in microscopy, or line spectra in signal processing. In such cases, we can enforce a sparsity
prior in the same way by solving an ¢;-norm minimization problem, as in Section 1.3,

min ||Z||; such that y = Fy, 2. (23)

ZeR™

Figure 16 shows a simple example in which ¢;-norm minimization allows to recover a sparse
signal exactly. In contrast, minimizing the ¢, norm does not produces a sparse estimate,
as illustrated in Figure 16. Later in the course, we will characterize under what conditions
/1-norm minimization is guaranteed to achieve exact recovery.

14
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Figure 15: Convolution with a low-pass point-spread function (above) is equivalent to pointwise
multiplication with a low-pass filter in the frequency domain (below).

Original signal Min. /5-norm estimate Min. /;-norm estimate

Figure 16: Minimizing the /1 norm of the estimate (right) allows to estimate the original signal
(left) exactly, whereas minimizing the ¢35 norm does not produce a sparse estimate.
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Figure 17: Image of a brain obtained by MRI, along with the magnitude of its 2D-Fourier or
k-space representation and the logarithm of this magnitude.

1.6.2 Compressed sensing

Magnetic resonance imaging (MRI) is a popular medical imaging technique used in radiology.
A simplified model of the data obtained via MRI is that they correspond to samples of the
2D or 3D Fourier transform of an image, known as k space in MRI jargon. An estimate of
the image can be obtained by computing the inverse Fourier transform of the data, as shown
in Figure 17.

An important challenge in MRI is to reduce measurement time. Compressed sensing
achieves this by randomly undersampling the k-space representation of the image. Let us
first consider a 1D version of the problem, where the signal is an m-dimensional vector x.
The data y may be modeled as random samples of the DFT of the signal. More precisely,

Yy = JT"Q Z, (24)

where x € R™ and the linear operator Fo € R™™ corresponds to n random rows of the
discrete Fourier transform (DFT) matrix. As in the case of super-resolution, m > n so the
system is underdetermined. Assuming that the signal is sparse, we can again solve /;-norm
minimization problem to promote a sparse solution,

min ||Z||, such that y = Fo 7, (25)
ZeR™
Figure 18 shows the results of applying compressed sensing to a sparse 1D signal.
In general, images such as the one in Figure 17 are not sparse. However they are often
sparse in certain representations such as wavelet dictionaries, as discussed in Section 1.2.

Minimizing the ¢; norm of the coefficients in the sparsifying dictionary, allows to recover
such images very accurately. An example is shown in Figure 19.

16
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Figure 18: Minimizing the ¢; norm of the estimate (right) allows to estimate the original signal
(left) exactly from a small number of random samples of its spectrum (center).

Original Min. /;-norm estimate Min. /3-norm estimate

Figure 19: Compressed-sensing reconstruction (center) of a brain image (left) from random k-
space samples. Minimizing the f3-norm recovers a heavily-aliased image (right).
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Figure 20: A depiction of the Netflix challenge in matrix form. Each row corresponds to a user
that ranks a subset of the movies, which correspond to the columns. The figure is due to Mahdi
Soltanolkotabi.

2 Low-rank models

In this section we describe three applications of low-rank models: matrix completion for
movie-rating prediction, low rank + sparse models for background subtraction and nonneg-
ative matrix factorization for topic modeling.

2.1 Matrix completion

The Netflix Prize was a contest organized by Netflix from 2007 to 2009 in which teams of
data scientists tried to develop algorithms to improve the prediction of movie ratings. The
problem of predicting ratings can be recast as that of completing a matrix from some of
its entries, as illustrated in Figure 20. It turns out that matrices of ratings are often well
modeled as being approximately low rank. We demonstrate this through a simple example.

18
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Bob, Molly, Mary and Larry rate the following six movies from 1 to 5,

Bob Molly Mary Larry

1 1 5 4 The Dark Knight
2 1 4 5 Spiderman 3
A= 4 5 2 1 Loye Actually ' (26)
5 4 2 1 Bridget Jones’s Diary
4 D 1 2 Pretty Woman
1 2 5 5 Superman 2

We subtract the average rating,

1
i=1 j=1
(28)
from each entry in the matrix and then compute its singular value decomposition
779 0 0 0
i T 0 162 0 0 T
A-—A=USV' =U 0 0 155 0 Ve, (29)
0 0 0 0.62
where
I M
e R (30
I A

The fact that the first singular value is significantly larger than the rest suggests that the
matrix may be well approximated by a rank-1 matrix. This is the case (for ease of comparison
the values of A are shown in brackets):

Bob Molly  Mary Larry

1.34(1) 1.19(1) 4.66(5) 4.81(4)\ The Dark Knight
1.55(2) 1.42(1) 4.45(4) 4.58(5)| Spiderman 3

At o U VT = 4.45(4) 4.58(5) 1.55(2) 1.42(1) LoyeActually . (31)
4.43(5) 4.56(4) 1.57(2) 1.44(1) | Bridget Jones’s Diary
4.43(4) 4.56(5) 1.57(1) 1.44(2) | Pretty Woman
1.34(1) 1.19(2) 4.66(5) 4.81(5)/ Superman 2

19



This rank-1 model has an interesting interpretation. The first left singular vector is equal to

D. Knight Spiderman 3 Love Act. B.J.’s Diary P. Woman Superman 2
Ur=( —0.45 —0.39 0.39 0.39 0.39 —-0.45 ).

Entries with similar values represent movies that are rated similarly by viewers. The first
right singular vector is equal to

Bob Molly Mary Larry
Vi= (048 052 —048 —0.52) (32)

Here, entries with similar values correspond to users that have a similar taste (Bob and
Molly vs Mary and Larry).

Now, let us consider the problem of completing the matrix if we only have access to a subset
of its entries. This problem is known as matrix completion.

Bob Molly Mary Larry
1 ? ) 4 The Dark Knight
Spiderman 3
Love Actually (33)
Bridget Jones’s Diary
Pretty Woman
Superman 2

— s Ot R D
N O = Ot =
D NN
Tt N = 0 Ot

Knowing that rating matrices are often approximately low-rank, we would like to compute a
low-rank estimate from the available data. Achieving this through an optimization problem
that penalizes the rank of the estimate is not computationally tractable. However penalizing
the ¢; norm of the singular values of the matrix does promote low-rank estimates. The ¢,
norm of the singular values is called the nuclear norm of the matrix, and is usually denoted
by ||||,. In our example, we can leverage this insight in the following way.

1. We compute the average observed rating and subtract it from each entry in the matrix.
We denote the vector of centered ratings by .

2. We solve the optimization problem

)?Q_y

min
XeRmxn

(34)

*

2 ~
+/\HX
2

where A > 0 is a regularization parameter. We denote the set of observed indices of
the matrix as 2. For any m x n matrix M, Mg is a vector containing the entries of M

indexed by ().
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3. We add the average observed rating to the solution of the optimization problem and
round each entry to the nearest integer.

The result is

Bob Molly Mary Larry
1 2 (1) 5 4 The Dark Knight

2 (2) 1 4 5 Spiderman 3
4 5 2 2 (1) | Love Actually (35)
5t 4 2 1 Bridget Jones’s Diary
4 5) 1 2 Pretty Woman
1 2 5 (5) 5 Superman 2

For comparison the original ratings are shown in brackets.

2.2 Low rank + sparse model

In computer vision, the problem of background subtraction is that of separating the
background and foreground of a video sequence. Imagine that we take a video of a static
background. We then stack the video frames in a matrix M, where each column corresponds
to a vectorized frame. If the background is completely static, then all the frames are equal
to a certain vector f € R™ (m is the number of pixels in each frame) and the matrix is rank
1

M:[f f - ﬂ:f[l 1 --. 1].

If the background is not completely static, but instead experiences gradual changes, then
the matrix containing the frames will be approximately low rank. Now, assume that there
are sudden events in the foreground. If these events occupy a small part of the field of view
and do not last very long, then the corresponding matrix can be modeled as sparse (most
entries are equal to zero).

These observations motivate the following method for background subtraction. Stack the
frames as columns of a matrix and separate the matrix into a low-rank and a sparse compo-
nent. Applying the heuristic that the nuclear norm promotes low-rank structure and the ¢,
norm promotes sparsity, this suggests solving the optimization problem

L

_ min
L,SeRmxn

Jr/\H:S:H such that L+ S =Y, (36)
* 1

where A > 0 is a regularization parameter and ||-||, denotes the ¢; norm of a matrix inter-
preted as a vector. The results of applying this method to a real video sequence are shown
in Figure 21.
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Figure 21: Background subtraction results from a video. This example is due to Stephen Becker.
The code is available at http://cvxr.com/tfocs/demos/rpca.
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2.3 Nonnegative matrix factorization

Topic modeling aims to learn the thematic structure of a text corpus automatically. Let
us work on a simple example. We take six newspaper articles and compute the frequency of
a list of words in each of them. Our final goal is to separate the words into different clusters
that hopefully correspond to different topics. The following matrix contains the counts for
each word and article. Each entry contains the number of times that the word corresponding
to column j is mentioned in the article corresponding to row i.

singer GDP senate election vote stock bass market band Articles

6 1 1 0 0 1 9 0 8 a
1 0 9 ) 8 1 0 1 0 b
A — 8 1 0 1 0 0 9 1 7 c
0 7 1 0 0 9 1 7 0 d
0 5 6 7 3 6 0 7 2 e
1 0 8 ) 9 2 0 0 1 f

Computing the singular-value decomposition of the matrix— after subtracting the mean of
each entry as in (29)— we determine that the matrix is approximately low rank

1932 0 0 0
0 1446 0 0 0 0
i euT 0 0 499 0 0 0 |.
A-A=Usv'=U| | o o a9 o oV (37)
0 0 0 0 167 0
0 0O 0 0 0 093]

Unfortunately the singular vectors do not have an intuitive interpretation as in Section 2.1.
In particular, they do not allow to cluster the words

a b c d e f
Uy = (=051 —040 —0.54 —0.11 —0.38 —0.38)
Uy = (019 —045 —0.19 —0.69 —0.2 —0.46) (38)
Ug = (014 —027 —0.09 —058 —0.69 —0.29)

or the articles

singer GDP senate election vote stock bass market band

Vi = (—-0.38 0.05 0.4 0.27 0.4 0.17 —-0.52 0.14 —0.38)
Vo (0.16 —0.46 0.33 0.15  0.38— 0.49 0.1 —0.47  0.12)
Vs = (-0.18 -0.18 -0.04 -—-0.74 -0.05 0.11 —-0.1 —043 —0.43)
(

39)
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A problem here is that the singular vectors have negative entries that are difficult to interpret.
In the case of rating prediction, negative ratings mean that a person does not like a movie.
In contrast articles either are about a topic or they are not. Following this intuition, we
can try to obtain a low-rank model with nonnegative entries, i.e. compute two matrices
W e R™ " and H € R™" such that

M~WH, Wi;>0, 1<i<m,1<j<r, (40)
Hi,jZOa 1§Z§T,1§Z§n, (41)

where the rank of the model is equal to » < m,n. This is known as nonnegative matrix
factorization. Solving the problem for our example with r = 3 yields some interesting
results. The entries of H allow to cluster the words into three topics,

singer GDP senate election vote stock bass market band
H, = (034 0 3.73 254  3.67 0.52 0 0.35 0.35)
H, (0 221  0.21 0.45 0 264 021 243 0.22) (42
Hy = (322 037 0.19 0.2 0 0.12 413 0.13  343)

The first topic correspond to the entries that are not zero (or very small) in H;: senate,
election and vote. The second corresponds to Hs: GDP, stock and market. The third
corresponds to Hs: singer, bass and band.

The entries of W allow to assign topics to articles. b, e and f are about politics (topic 1), d
and e about economics (topic 3) and a and ¢ about music (topic 3)

a b ¢ d e f
W, = (003 223 0 0 159 224)
W, = (01 0 008 313 232 0 ) (43)
Wy = (213 0 222 0 0 0.03)

Finally, we check that the factorization provides a good fit to the data. The product W H is
equal to

singer GDP senate  election vote stock bass market band
6.89 (6) 1.01 (1) 0.53 (1) 0.54 (0) 0.10 (0) 0.53 (1) 883 (9) 0.53 (0) 7.36 (8)
0.75 (1) 0(0) 832 (9) 5.66 (5) 818 (8) 1.15 (1) 0 (0) 0.78 (1) 0.78 (0)
7.14 (8) 0.99 (1) 0.44 (0) 0.47 (1) 0 (0) 047 (0) 9.16 (9) 0.48 (1) 7.62 (7)
0(0) 7(6.91) 0.67 (1) 1.41(0) 0(0) 828(9) 0.65 (1) 7.60 (7) 0.69 (0)
0.53 (0) 5.12 (5) 6.45 (6) 5.09 (7) 5.85 (5) 6.97 (6) 0.48 (0) 6.19 (7) 1.07 (2)
0.86 (1) 0.01 (0) 8.36 (8) 5.69 (5) 822 (9) 1.16 (2) 0.14 (0) 0.79 (0) 0.9 (1)

For ease of comparison the values of A are shown in brackets.
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Convex optimization

Notation

Matrices are written in uppercase: A, vectors are written in lowercase: a. A;; denotes the
element of A in position (i, j), A; denotes the ith column of A (it’s a vector!). Beware that x;
may denote the ith entry of a vector x or a the ¢th vector in a list depending on the context.
Z denotes a subvector of x that contains the entries listed in the set Z. For example, 1.,
contains the first n entries of x.

1 Convexity

1.1 Convex sets

A set is convex if it contains all segments connecting points that belong to it.

Definition 1.1 (Convex set). A convex set S is any set such that for any x,y € S and
g e (0,1)

0r+(1—0)yeS. (1)

Figure 1 shows a simple example of a convex and a nonconvex set.

The following lemma establishes that the intersection of convex sets is convex.

Lemma 1.2 (Intersection of convex sets). Let Sy,...,S,, be convexr subsets of R™, N, S; is
convex.

Proof. Any z,y € NI, S, also belong to S;. By convexity of S; 0z + (1 — ) y belongs to Sy
for any 6 € (0, 1) and therefore also to N, S;. O

The following theorem shows that projection onto non-empty closed convex sets is unique.
The proof is in Section B.1 of the appendix.

Theorem 1.3 (Projection onto convex set). Let S C R™ be a non-empty closed convez set.
The projection of any vector x € R™ onto S

Ps (2) := argmin ||z — s, (2)

exists and 1s unique.



Nonconvex Convex

Figure 1: An example of a nonconvex set (left) and a convex set (right).

A convex combination of n points is any linear combination of the points with nonnegative
coefficients that add up to one. In the case of two points, this is just the segment between
the points.

Definition 1.4 (Convex combination). Given n vectors xy,xs, ..., T, € R",
n
i=1
s a convexr combination of xr1,xs, ..., T, as along as the real numbers 01,05, ...,0, are non-

negative and add up to one,

0; >0, 1<i<n, (4)
=1

The convex hull of a set S contains all convex combination of points in §. Intuitively, it is
the smallest convex set that contains S.

Definition 1.5 (Convex hull). The convex hull of a set S is the set of all convex combinations
of points in S.

A justification of why we penalize the ¢;-norm to promote sparse structure is that the /;-
norm ball is the convex hull of the intersection between the ¢y “norm” ball and the ¢,.,-norm
ball. The lemma is illustrated in 2D in Figure 2 and proved in Section 1.6 of the appendix.

Lemma 1.6 (¢;-norm ball). The ¢1-norm ball is the convex hull of the intersection between
the £y “norm” ball and the {.-norm ball.



Figure 2: Illustration of Lemma (1.6) The ¢y “norm” ball is shown in black, the {s-norm ball in
blue and the ¢;-norm ball in a reddish color.

1.2 Convex functions

We now define convexity for functions.

Definition 1.7 (Convex function). A function f : R™ — R is convex if for any x,y € R"
and any 0 € (0,1),

0f () +(1—=0)f(y) = f(z+(1-0)y). (6)
The function is strictly convex if the inequality is always strict, i.e. if x # y implies that
0f (x) + (1 —=0)f(y) > f(0x+(1-0)y). (7)

A concave function is a function f such that —f is convex.

Remark 1.8 (Extended-value functions). We can also consider an arbitrary function f that
is only defined in a subset of R™. In that case f is convex if and only if its extension f is
convex, where

f(a:) . {f(x) if x € dom (f), (8)

00 if x ¢ dom (f).

Equivalently, f is convex if and only if its domain dom (f) is convex and any two points in

dom (f) satisfy (6).



Figure 3: Illustration of condition (6) in Definition 1.7. The curve corresponding to the function
must lie below any chord joining two of its points.

Condition (6) is illustrated in Figure 3. The curve corresponding to the function must lie
below any chord joining two of its points. It is therefore not surprising that we can determine
whether a function is convex by restricting our attention to its behavior along lines in R™.
This is established by the following lemma, which is proved formally in Section B.2 of the
appendix.

Lemma 1.9 (Equivalent definition of convex functions). A function f : R" — R is convex
if and only if for any two points x,y € R™ the univariate function g, : [0,1] — R defined by

gry (@) = [ oz + (1 —a)y) (9)

is convex. Similarly, f is strictly convex if and only if gy, is strictly convex for any a,b.

Section A in the appendix provides a definition of the norm of a vector and lists the most
common ones. It turns out that all norms are convex.

Lemma 1.10 (Norms are convex). Any valid norm ||-|| is a convex function.

Proof. By the triangle inequality inequality and homogeneity of the norm, for any x,y € R"
and any 6 € (0,1)

102 + (1= 0) y[| < |[02[| + ||(1 = ) yll = O ]][ + (1 = O) [ly]| - (10)

]

The ¢y “norm” is not really norm, as explained in Section A, and is not convex either.



Lemma 1.11 (¢ “norm”). The ly “norm” is not conver.

Proof. We provide a simple counterexample. Let z := (}) and y := (), then for any
g€ (0,1)

102 + (1 =0)ylly =2 > 1=0]lz[ly + (1 =) |lyll,- (11)

0

We end the section by establishing a property of convex functions that is crucial in opti-
mization.

Theorem 1.12 (Local minima are global). Any local minimum of a convex function f :

R™ — R s also a global minimum.

We defer the proof of the theorem to Section B.4 of the appendix.

1.3 Sublevel sets and epigraph
In this section we define two sets associated to a function that are very useful when reasoning

geometrically about convex functions.

Definition 1.13 (Sublevel set). The y-sublevel set of a function f : R"™ — R, where v € R,
is the set of points in R™ at which the function is smaller or equal to v,

Cyi=Az [ f(z) <7} (12)

Lemma 1.14 (Sublevel sets of convex functions). The sublevel sets of a convex function are
convez.

Proof. 1f z,y € R™ belong to the y-sublevel set of a convex function f then for any 6 € (0, 1)

fOx+(1—-0)y) <O0f(x)+(1—0)f(y) by convexity of f (13)
<75 (14)

because both x and y belong to the y-sublevel set. We conclude that any convex combination
of x and y also belongs to the ~-sublevel set. O]

Recall that the graph of a function f : R® — R is the curve in R**!

graph (f) :={z | f (1) = Tnp1}, (15)

where x1.,, € R" contains the first n entries of x. The epigraph of a function is the set in
R™*! that lies above the graph of the function. An example is shown in Figure 4.



epi (f)

Figure 4: Epigraph of a function.

Definition 1.15 (Epigraph). The epigraph of a function f:R™ — R is defined as

epi (f) :=A{a | f (z1n) < Tnga}. (16)
Epigraphs allow to reason geometrically about convex functions. The following basic result
is proved in Section B.5 of the appendix.

Lemma 1.16 (Epigraphs of convex functions are convex). A function is convez if and only
if its epigraph is convex.

1.4 Operations that preserve convexity

It may be challenging to determine whether a function of interest is convex or not by using
the definition directly. Often, an easier alternative is to express the function in terms of
simpler functions that are known to be convex. In this section we list some operations that
preserve convexity.

Lemma 1.17 (Composition of convex and affine function). If f : R* — R is convex, then
for any A € R™™ and any b € R™, the function

h(x):=f(Az +b) (17)

1S convez.



Proof. By convexity of f, for any z,y € R™ and any 6 € (0,1)

h(@r+(1—-0)y)=f(0(Ax +b)+ (1 —60)(Ay + b)) (18)
<Of (Az+b)+ (1—0) f(Ay+ ) (19)
=0h(z)+(1-0)h(y). (20)

]

Corollary 1.18 (Least squares). For any A € R™™ and any y € R™ the least-squares cost
function

|| Az -y, (21)
18 convez.

Lemma 1.19 (Nonnegative weighted sums). The weighted sum of m convex functions

f17 AR fm
f= Z @ fi (22)
i=1
15 convex as long as the weights aq, ..., a € R are nonnegative.

Proof. By convexity of fi,..., fm, for any z,y € R™ and any 6 € (0,1)

f(9x+<1_9)y):Zaifi<9$+(1_0)y) (23)
< ' a; (0fi (x) +(1=0) fi (v)) (24)
=0f(x)+(1-0)f(y). (25)

]

Corollary 1.20 (Regularized least squares). Regularized least-squares cost functions of the
form

2
1Az = yll; + [[]], (26)
where |||| is an arbitrary norm, are conver.

Proposition 1.21 (Pointwise maximum/supremum of convex functions). The pointwise

mazimum of m convex functions fi,..., fm is convex
Fax () 1= max fi (2). (27)



The pointwise supremum of a family of convex functions indexed by a set T

fsup () :=sup f; (x). (28)

€L

18 convez.

Proof. We prove that the supremum is unique, as it implies the result for the maximum. For
any 0 <6 <1andany z,y € R,

fop (B + (1 = 0)y) = Sup fi (0 + (1 —0)y) (29)
< supffi(z) + (1-) fiy) by convexity of the fi  (30)

< fsup f; (z) +(1-0) Sup i (y) (31)

= 0fsup () + (1 = 0) foup (1) - (32)

m

2 Differentiable functions

In this section we characterize the convexity of differentiable functions in terms of the be-
havior of their first and second order Taylor expansions, or equivalently in terms of their
gradient and Hessian.

2.1 First-order conditions

Consider the first-order Taylor expansion of f: R®” — R at x,

fo )= f (@) + V[ (2) (y —x). (33)

Note that this first-order approximation is a linear function. The following proposition,
proved in Section B.6 of the appendix, establishes that a function f is convex if and only if
fYis a lower bound for f for any x € R™. Figure 5 illustrates the condition with an example.

Proposition 2.1 (First-order condition). A differentiable function f:R™ — R is conver if
and only if for every x,y € R"

f) = f @)+ Vf@) (y-2). (34)
It is strictly convex if and only if
F) > f @)+ Vf@) (y-2). (35)



Figure 5: An example of the first-order condition for convexity. The first-order approximation at
any point is a lower bound of the function.

An immediate corollary is that for a convex function, any point at which the gradient is zero
is a global minimum. If the function is strictly convex, the minimum is unique.

Corollary 2.2. If a differentiable function f is convex and V f (x) =0, then for any y € R

fy) > f(2). (36)
If f s strictly convex then for any y € R
fy) > f(x). (37)

For any differentiable function f and any z € R" let us define the hyperplane H;, C R"*!
that corresponds to the first-order approximation of f at x,

Hpo = {Z/ | Yni1 = f2 (ylzn)} . (38)

Geometrically, Proposition 2.1 establishes that H, lies above the epigraph of f. In addition,
the hyperplane and epi (f) intersect at x. In convex analysis jargon, Hy, is a supporting
hyperplane of epi (f) at x.

Definition 2.3 (Supporting hyperplane). A hyperplane H is a supporting hyperplane of a
set S at x if

o H and S intersect at x,

e S is contained in one of the half-spaces bounded by H.

The optimality condition has a very intuitive geometric interpretation in terms of the sup-
porting hyperplane H,. Vf = 0 implies that H, is horizontal if the vertical dimension
corresponds to the n + 1th coordinate. Since the epigraph lies above hyperplane, the point
at which they intersect must be a minimum of the function.



Figure 6: An example of the second-order condition for convexity. The second-order approxima-
tion at any point is convex.

2.2 Second-order conditions

For univariate functions that are twice differentiable, convexity is dictated by the curvature
of the function. As you might recall from basic calculus, curvature is the rate of change of
the slope of the function and is consequently given by its second derivative. The following
lemma, proved in Section B.8 of the appendix, establishes that univariate functions are
convex if and only if their curvature is always nonnegative.

Lemma 2.4. A twice-differentiable function g : R — R is convex if and only if ¢" (o) > 0
for all a € R.

By Lemma 1.9, we can establish convexity in R™ by considering the restriction of the function
along an arbitrary line. By multivariable calculus, the second directional derivative of f at
a point x in the direction of a unit vector is equal to u” V2f (z) u. As a result, if the Hessian
is positive semidefinite, the curvatures is nonnegative in every direction and the function is
convex.

Corollary 2.5. A twice-differentiable function f : R™ — R is convex if and only if for every
r € R", the Hessian matriz V2 f (x) is positive semidefinite.

Proof. By Lemma 1.9 we just need to show that the univariate function g,; defined by (9) is
convex for all a,b € R". By Lemma 2.4 this holds if and only if the second derivative of g,
is nonnegative. Applying some basic multivariate calculus, we have that for any a € (0, 1)

Goy (@) = (a=0)" V2f (aa + (1 — ) b) (a = b). (39)

This quantity is nonnegative for all a,b € R™ if and only if V2f (x) is positive semidefinite
for any x € R™. O

10



Convex Concave Neither

Figure 7: Quadratic forms for which the Hessian is positive definite (left), negative definite (center)
and neither positive nor negative definite (right).

Remark 2.6 (Strict convexity). If the Hessian is positive definite, then the function is
strictly convex (the proof is essentially the same). However, there are functions that are
strictly convex for which the Hessian may equal zero at some points. An example is the
univariate function f(z) = x*, for which f"(0) = 0.

We can interpret Corollary 2.5 in terms of the second-order Taylor expansion of f: R" — R
at .

Definition 2.7 (Second-order approximation). The second-order or quadratic approximation
of f at x is

P2 (5) = F @)+ 9 (@) (g =)+ 5 (g~ )" 9] (@) (y ). (10)

f? is a quadratic form that shares the same value at z. By the corollary, f is convex if
and only if this quadratic approximation is always convex. This is illustrated in Figure 6.
Figure 7 shows some examples of quadratic forms in two dimensions.

3 Nondifferentiable functions

If a function is not differentiable we cannot use its gradient to check whether it is convex
or not. However, we can extend the first-order characterization derived in Section 2.1 by
checking whether the function has a supporting hyperplane at every point. If a supporting
hyperplane exists at x, the gradient of the hyperplane is called a subgradient of f at x.

11



Definition 3.1 (Subgradient). The subgradient of a function f : R" — R at x € R" is a
vector ¢ € R™ such that

f)=f(x)+q" (y—=), foralyeR" (41)
The set of all subgradients is called the subdifferential of the function at x.
The following theorem, proved in Section B.9 of the appendix, establishes that if a subgra-
dient exists at every point, the function is convex.
Theorem 3.2. If a function f : R® — R has a non-empty subdifferential at any v € R"
then f is convex.
The subdifferential allows to obtain an optimality condition for nondifferentiable convex
functions.
Proposition 3.3 (Optimality condition). A convex function attains its minimum value at

a vector x if the zero vector is a subgradient of f at x.

Proof. By the definition of subgradient, if ¢ := 0 is a subgradient at = for any y € R"

fW=>f(@)+q (y—z)=f(z). (42)
O

If a function is differentiable at a point, then the gradient is the only subgradient at that
point.

Proposition 3.4 (Subdifferential of differentiable functions). If a convex function f : R" —
R is differentiable at x € R", then its subdifferential at x only contains V f (x).

Proof. By Proposition 2.1 V f is a subgradient at z. Now, let ¢ be an arbitrary subgradient
at . By the definition of subgradient,

fl+ae)> f(x)+qd ae (43)
=f(z) +aqa (44)
f(@)> flz—ae)+q ae; (45)
=flz—ae)+aqga (46)
Combining both inequalities
« «
If we let a — 0, this implies ¢; = %. Consequently, ¢ = V f. O

12



An important nondifferentiable convex function in optimization-based data analysis is the
¢1 norm. The following proposition characterizes its subdifferential.

Proposition 3.5 (Subdifferential of ¢; norm). The subdifferential of the ¢, norm at x € R™
is the set of vectors ¢ € R™ that satisfy

q; = sign (z;) ifx; #0, (48)
;] <1 if 2; = 0. (49)

Proof. The proof relies on the following simple lemma, proved in Section B.10.

Lemma 3.6. ¢ is a subgradient of ||-||; : R* = R at z if and only if ¢; is a subgradient of
|| : R — R at z; for all1 <i<n.

If z; # 0 the absolute-value function is differentiable at x;, so by Proposition (3.4), ¢; is
equal to the derivative ¢; = sign (z;).

If x; = 0, ¢; is a subgradient of the absolute-value function if and only if |a| > ¢; a for any
a € R, which holds if and only if |¢;| < 1. ]

4 Optimization problems

4.1 Definition

We start by defining a canonical optimization problem. The vast majority of optimization
problems (certainly all of the ones that we will study in the course) can be cast in this form.

Definition 4.1 (Optimization problem).

ot
@)
~—

minimize  fy () (
subject to  f; (x) <0
hi(z) =0, 1<i<p, (

where fo,fl,...,fm,hl,...,hpIR”—)R.

(@
[\
~— —

The problem consists of a cost function fy, inequality constraints and equality constraints.
Any vector that satisfies all the constraints in the problem is said to be feasible. A solution
to the problem is any vector x* such that for all feasible vectors x

fo(x) > fo(z%). (53)
If a solution exists f (x*) is the optimal value or optimum of the optimization problem.

An optimization problem is convex if it satisfies the following conditions:

13



e The cost function fy is convex.
e The functions that determine the inequality constraints fi,..., f,, are convex.

e The functions that determine the equality constraints h4, ..., h, are affine, i.e. h; (z) =
al'x + b; for some a; € R™ and b; € R.

Note that under these assumptions the feasibility set is convex. Indeed, it corresponds to
the intersection of several convex sets: the O-sublevel sets of f1,..., f,,, which are convex by
Lemma 1.14, and the hyperplanes h; () = al x+b;. The intersection is convex by Lemma 1.2.

If both the cost function and the constraint functions are all affine, the problem is a linear
program (LP).

Definition 4.2 (Linear program).

minimize o’ (54)
subject to ¢l <d;, 1<i<m, (55)
Az =b. (56)

It turns out that ¢;-norm minimization can be cast as an LP. The theorem is proved in
Section B.11 of the appendix.

Theorem 4.3 (¢;-norm minimization as an LP). The optimization problem

minimize  ||z||, (57)
subject to Az =1b (58)
can be recast as the linear program

minimize Z t; (59)

i=1
subject to t; > x;, (60)
ti > —x;, (61)
Ax =D. (62)

If the cost function is a positive semidefinite quadratic form and the constraints are affine
the problem is a quadratic program (QP).

Definition 4.4 (Quadratic program).

minimize 2’ Qz +a’x (63)
subject to cfa: <d;, 1<i<m, (64)
Ax = b, (65)

where () € R"™ " is positive semidefinite.

14



A corollary of Theorem 4.3 is that ¢;-norm regularized least squares can be cast as a QP.

Corollary 4.5 (¢;-norm regularized least squares as a QP). The optimization problem
minimize ||Az — y|5 + X |||, (66)

can be recast as the quadratic program

minimize z7 AT Az — 2yTx 4+ X Z t; (67)
i=1
subject to t; > x;, (68)

We will discuss other types of convex optimization problems, such as semidefinite programs
later on in the course.

4.2 Duality

The Lagrangian of the optimization problem in Definition 4.1 is defined as the cost function
augmented by a weighted linear combination of the constraint functions,

Lz, \v) = fo(z +ZAfZ )+ > vihy(x), (70)
j=1

where the vectors A € R"™ v € RP are called Lagrange multipliers or dual variables. In
contrast, x is the primal variable.

Note that as long as A\; > 0 for 1 <7 < m, the Lagrangian is a lower bound for the value of
the cost function at any feasible point. Indeed, if x is feasible and \; > 0 for 1 < i < m then

Ai fi () <0, (71)
vjhj (x) =0, (72)

forall 1 <¢<m,1 <7 <p. This immediately implies,
L(z,Av) < folx). (73)

The Lagrange dual function is the infimum of the Lagrangian over the primal variable x

LA v) = inf fo(x Z)\ fi (x Zy] (74)

15



Proposition 4.6 (Lagrange dual function as a lower bound of the primal optimum). Let p*
denote an optimal value of the optimization problem in Definition 4.1,

L(\v) <p', (75)

as long as \; > 0 for 1 <1 < n.

Proof. The result follows directly from (73),

p* = fo(z") (76)
> L(z*\v) (77)
>1(\v). (78)

O

Optimizing this lower bound on the primal optimum over the Lagrange multipliers yields
the dual problem of the original optimization problem, which is called the primal problem
in this context.

Definition 4.7 (Dual problem). The dual problem of the optimization problem from Defi-
nition 4.1 1s
maximize [ (\,v) (79)
subject to \; >0, 1<i<m. (80)

Note that the cost function is a pointwise supremum of linear (and hence convex) functions,
so by Proposition 1.21 the dual problem is a convex optimization problem even if the primal
is nonconvex! The following result, which is an immediate corollary to Proposition 4.6, states
that the optimum of the dual problem is a lower bound for the primal optimum. This is
known as weak duality.

Corollary 4.8 (Weak duality). Let p* denote an optimum of the optimization problem in
Definition 4.1 and d* an optimum of the corresponding dual problem,

dr <p". (81)

In the case of convex functions, the optima of the primal and dual problems are often equal,
ie.

& =p*. (82)

This is known as strong duality. A simple condition that guarantees strong duality for convex
optimization problems is Slater’s condition.

16



Definition 4.9 (Slater’s condition). A vector x € R" satisfies Slater’s condition for a convex
optimization problem if

fi(x) <0, 1<i<m, (83)
Az =b. (84)

A proof of strong duality under Slater’s condition can be found in Section 5.3.2 of [1].
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A Norms

The norm of a vector is a generalization of the concept of length.

Definition A.1 (Norm). Let V be a vector space, a norm is a function ||-|| from V to R
that satisfies the following conditions.

e [t is homogeneous. For all« € R and x € V

la ]| = |af []] (85)
e [t satisfies the triangle inequality
[z + yll < ][ +[lyll- (86)
In particular, it is nonnegative (sety = —x).
o ||z|| = 0 implies that = is the zero vector 0.

'However, see http://see.stanford.edu/materials/lsocoee364b/01-subgradients_notes.pdf
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The /5 norm is induced by the inner product (z,y) = a7y
|||, := VaTa. (87)

Definition A.2 (¢ norm). The ¢y norm of a vector x € R" is defined as

(88)

Definition A.3 (¢; norm). The ¢, norm of a vector v € R" is defined as

el =) lail (89)
1=1

Definition A.4 ({y norm). The l+, norm of a vector x € R™ is defined as

lall, = max [z (90)

Remark A.5. The {y “norm” is not a norm, as it is not homogeneous. For example, if x
18 not the zero vector,

[122][g = ll=llo # 2]l - (91)

B Proofs

B.1 Proof of Theorem 1.3

Existence

Since S is non-empty we can choose an arbitrary point § € S. Minimizing ||z — s||, over
S is equivalent to minimizing ||z — s||, over SN {y | ||z — yl||, < ||z — §||,}. Indeed, the
solution cannot be a point that is farther away from x than 5. By Weierstrass’s extreme-
value theorem, the optimization problem
minimize ||z — s |g (92)
subject to 5 € SN {y | Iz - yll, < llz — 5ll,) (93)

has a solution because ||z — s||2 is a continuous function and the feasibility set is bounded
and closed, and hence compact. Note that this also holds if S is not convex.

Uniqueness
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Assume that there are two distinct projections s; # s5. Consider the point

p— —; 82, (94)

which belongs to & because S is convex. The difference between z and s and the difference
between s; and s are orthogonal vectors,

(x — 8,8 —8) = x—81+82,81—81+82 (95)
2 2
r—S T—Sy T—S T— S
_ _ 96
< > T2 T 2 > (96)
1 2 2
= 2= sl +1lz — salP) (97)
=0, (98)
because ||z — s1|| = ||z — s2|| by assumption. By Pythagoras’s theorem this implies
2 2 2
|z = s1lly = llz = sy + lls1 = sl (99)
2 51— 852
= flo sl + || (100)
2
2
> [z = sl (101)

because s; # so by assumption. We have reached a contradiction, so the projection is unique.

B.2 Proof of Lemma 1.9

The proof for strict convexity is exactly the same, replacing the inequalities by strict in-
equalities.

f being convex implies that g, , is convex for any =,y € R"

For any «, 3,6 € (0,1)

oy B+ (1=0)8) = f((a+(1-0)B)z+ (1 —b0a—(1-0)p)y) (102)
=f0(az+(1-a)y)+(1-0)(fz+(1-75)y)) (103)
<Of(ax+(1—a)y)+(1—=0) f(Bx+ (1 —05)y) by convexity of f
=00, (a)+(1—0)g,, (). (104)

gz, being convex for any z,y € R" implies that f is convex
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For any «a, 3,6 € (0,1)

fOr+(1=0)y) = gay (0) (105)
< 0gyy (1) + (1 —0) gz, (0) by convexity of g, , (106)
=0f(x)+(1-0)f(y). (107)

B.3 Proof of Lemma 1.6

We prove that the ¢1-norm ball By, is equal to the convex hull of the intersection between the
ly “norm” ball By, and the ¢, -norm ball B, by showing that the sets contain each other.

By, €C(Bgy NBe.,)

Let « be an n-dimensional vector in By,. If we set 6; := |z(7)|, where z (7) is the ith entry of
z by x(i),and Oy =1 - ", 6; we have

n+1
> 0=1, (108)

i=1
0; >0 for 1 <i<mn by definition, (109)

n+1

Op=1-> 0 (110)
=1—{l=[l, (111)
>0 because x € By,. (112)
We can express = as a convex combination of the standard basis vectors ey, es, . .., e,, which

belong to By, N By, since they have a single nonzero entry equal to one, and the zero vector
eo, which also belongs to B, N By,

T = Z Qiei + 6060. (113)

i=1

C(ByNB,.) C By,

Let  be an n-dimensional vector in C (B, N By, ). By the definition of convex hull, we can
write

=1
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where m > 0, y1,...,yn € R™ have a single entry bounded by one, §; > 0 forall 1 <7 <m
and > 0; = 1. This immediately implies x € By, , since

lzll, < 6:llyill, by the Triangle inequality (115)
i=1

< Z 0;1lyil|,, because each y; only has one nonzero entry (116)
i=1

< i& (117)
< L (118)

B.4 Proof of Theorem 1.12

We prove the result by contradiction. Let x4, be a local minimum and .1, a global minimum
such that f (Zgob) < f (Tioc). Since xjo is a local minimum, there exists v > 0 for which
f(ze) < f(x) for all x € R™ such that ||z — 20|, < 7. If we choose 6 € (0,1) small
enough, xp := 0%1c + (1 — ) xg0p satisfies ||z — zioc||, < 7 and therefore

f(-rloc) S f(-fl?g) (119)
<Of (10c) + (1 = 0) f (xg10b) by convexity of f (120)
< f(xc) because f (Tgon) < f (Tioc)- (121)

B.5 Proof of Lemma 1.16

f being convex implies that epi (f) is convex

Let z,y € R™™ € epi (f), then for any 6 € (0,1)

[0z + (1= 0)y1n) < Of (x1:0) + (1 = 0) f (y1:0) by convexity of f (122)
S 9$n+1 + (1 — 9) Yn+1 (123)

because x,y € R"™ € epi(f) so f(21m) < Tpy1 and f (Y1) < Yny1. This implies that
Or + (1 —0)y € epi(f).

epi (f) being convex implies that f is convex

For any z,y € R", let us define z,§ € R*™! such that

Tip = xz, *%n+1 = f (3:) ) (124)
Utn ==Y, Gny1:= [ (y) (125)
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By definition of epi(f), Z,7 € epi(f). For any 6 € (0,1), 62 + (1 — 0) g belongs to epi(f)
because it is convex. As a result,

< O0Tng1 + (1= 0) Gnga (127)
=0f(x)+(1-0)f(y). (128)

B.6 Proof of Proposition 2.1

The proof for strict convexity is almost exactly the same; we omit the details.

The following lemma, proved in Section B.7 below establishes that the result holds for
univariate functions

Lemma B.1. A univariate differentiable function g : R — R is convez if and only if for all
a,feR

g(B) =49 (a)(B—a) (129)

and strictly convex if and only if for all a, f € R
9(8) >4 () (B—a). (130)

To complete the proof we extend the result to the multivariable case using Lemma 1.9.

If f(y) > f(z)+Vf(z)" (y—x) for any z,y € R” then f is convex

By Lemma 1.9 we just need to show that the univariate function g, ; defined by (9) is convex
for all a,b € R™. Applying some basic multivariate calculus yields

gop(@)=Vf(aa+(1—a)b) (a—1b). (131)

Let a, f € R. Setting x :== aa+ (1 —a)band y := fa+ (1 — B) b we have
9as (B) = f () (

> f () + V(@) (y— =) (133
(
(

= flaa+(1—a)b)+ Vf(aa+(1—a)b)’ (a—b)(8—a)
= gap (@) + gy (@) (B —a) by (131),

which establishes that g,; is convex by Lemma B.1 above.

If f is convex then f(y) > f(x)+ Vf (x)T (y — x) for any z,y € R"
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By Lemma 1.9, g, , is convex for any z,y € R".

F(Y) = guy (1)
Yoy (0) + g5, (0) by convexity of g, and Lemma B.1
f

(z) + Vf ()" (y—z) by (131).

AVA|

B.7 Proof of Lemma B.1

g being convex implies ¢ (8) > ¢' (o) (8 — a) for all o, f € R

If g is convex then for any o, 8 € R and any 0 < 6 <1

0(g9(B)—g(a))+gla)>glat+d(B—a)).

Rearranging the terms we have

9(B) = 7 + g (a)
Setting h = 6 (6 — «), this implies
g() 2 O ZI (5 o) 4 g a).
Taking the limit when h — 0 yields
9(8) =g (a)(f—a).
If g(B) > ¢ (a) (B —a) for all a, B € R then g is convex
Let z = fa+ (1 —0) 8, then by if g (6) > ¢ (a) (8 — «)
g9(@) =g (2) (a=2)+g(2)
=9 (z)1-0)(a—p)+g(2)
9(B8) 29 (2)(B—2)+9(2)
=9 (2)0(8—a)+g(2)

Multiplying (144) by 6, then (146) by 1 — 6 and summing the inequalities, we obtain

0g () +(1-0)g(B) =2 g+ (1-0)5).
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B.8 Proof of Lemma 2.4

The second derivative of ¢ is nonnegative anywhere if and only if the first derivative is
nondecreasing, because ¢” is the derivative of ¢'.

If g is convex ¢ is nondecreasing

By Lemma B.1, if the function is convex then for any «, 5 € R such that § > «

g (B)(a=pB)+g(B), (148)
g (@) (B—a)+g(a). (149)

Rearranging, we obtain
gB)B-a)=g(B)—gla) >4 (a)(B—a). (150)
Since 5 — a > 0, we have ¢’ (8) > ¢ ().

If ¢’ is nondecreasing, g is convex

For arbitrary «, 3,0 € R, such that § > aand 0 < 6 < 1, let n = 08 + (1 — ) a. Since
f > mn > a, by the mean-value theorem there exist v; € [, n] and v, € [n, ] such that

9(n) —g(a)

g () = L=, (151)
J a) = L =000, (152
Since v, < o, if ¢’ is nondecreasing
g(ﬁﬂ):z(n) > g(né:i(a)’ (153)
which implies
T (8)+ g (@) = g o). (154

Recall that n =08+ (1 —0)a,sothat 0 = (n—a) /(B —a) and § = (n —«a) / (B — «) and
1-0=(8—-n)/(B—a). (154) is consequently equivalent to

0g(8)+(1—0)g(a) =g+ (1-0)a). (155)
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B.9 Proof of Theorem 3.2

For arbitrary z,y € R™ and o € R there exists a subgradient ¢ of f at ax + (1 — a)y. This
implies

fzfloe+1-a)y)+q¢ (y—ar—(1-a)y) (156)
=flox+(1—-a)y)+aq (y—2), (157)
f@)zflaz+(1—-a)y)+q (r—ar—(1-a)y) (158)
=flaz+(1-a)y)+(1—a)q" (y— =) (159)

Multiplying equation (157) by 1 — a and equation (159) by « and adding them together

yields

af (@) +(1—a) f(y) = faz+ (1= a)p). (160)

B.10 Proof of Lemma 3.6

If ¢ is a subgradient for ||-||; at  then ¢; is a subgradient for |-| at |z;| for 1 <i <n

lyil = |z + (i — @) eill, — |[l]; (161)
> q" (yi — @) e (162)

If ¢; is a subgradient for |-| at |z;| for 1 < i < n then ¢ is a subgradient for ||-||, at =

llyll, = luil (164)
=1
>l + g (i — 20) (165)
=1
= [[z]], +¢" (y — ). (166)

B.11 Proof of Theorem 4.3

To show that the linear problem and the ¢;-norm minimization problem are equivalent, we
show that they have the same set of solutions.
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Let us denote an arbitrary solution of the LP by (mlp , tlp). For any solution 2 of the ¢;-norm
minimization problem, we define tfl = ‘xfl ‘ (xel,tél) is feasible for the LP so

n

=], = >t (167)

i=1
> Z t® by optimality of (168)
i=1
> Hxlpﬂl by constraints (60) and (61). (169)

This implies that any solution of the LP is also a solution of the ¢;-norm minimization
problem.

To prove the converse, we fix a solution z“* of the ¢;-norm minimization problem. Setting
tfl = ‘xfl , we show that (xfl, tﬁl) is a solution of the LP. Indeed,

>t =l="], (170)
=1

< Hazlp| ‘1 by optimality of ‘! (171)
< Ztip by constraints (60) and (61). (172)
i=1
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Lecture notes 3 February 8, 2016

Optimization methods

1 Introduction

In these notes we provide an overview of a selection of optimization methods. We focus
on methods which rely on first-order information, i.e. gradients and subgradients, to make
local progress towards a solution. In practice, these algorithms tend to converge to medium-
precision solutions very rapidly and scale reasonably well with the problem dimension. As a
result, they are widely used in machine-learning and signal-processing applications.

2 Differentiable functions

We begin by presenting gradient descent, a very simple algorithm that provably converges
to the minimum of a convex differentiable function.

2.1 Gradient descent

Consider the optimization problem
minimize f (z), (1)

where f : R®™ — R is differentiable and convex. Gradient descent exploits first-order local
information encoded in the gradient to iteratively approach the point at which f achieves
its minimum value. By multivariable calculus, at any point z € R" —V f (z) is the direction
in which f decreases the most, see Figure 1. If we have no additional information about f,
it makes sense to move in this direction at each iteration.

Algorithm 2.1 (Gradient descent, aka steepest descent). We set the initial point ¥ to an
arbitrary value in R™. Then we apply

) = B _ o, Vf (x(k)) 7 (2)

a > 0 1s a nonnegative real number which we call the step size.

Gradient descent can be run for a certain number of iterations, which might depend on
computational constraints, or until a stopping criterion is met. An example of a stopping
rule is checking whether the relative progress Hx(k“) — x(’“)HQ / H:B(k)H2 is below a certain
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Figure 1: Contour lines of a function f : R? — R. The gradients at different points are represented
by black arrows, which are orthogonal to the contour lines.

value. Figure 2 shows two examples in which gradient descent is applied in one and two
dimensions. In both cases the method converges to the minimum.

In the examples of Figure 2 the step size is constant. In practice, determining a constant step
that is adequate for a particular function can be challenging. Figure 3 shows two examples to
illustrate this. In the first the step size is too small and as a result convergence is extremely
slow. In the second the step size is too large which causes the algorithm to repeatedly
overshoot the minimum and eventually diverge.

Ideally, we would like to adapt the step size automatically as the iterations progress. A
possibility is to search for the minimum of the function along the direction of the gradient,

Q1= arg rrginh () (3)
= arg meiﬂlgf (x(k) — o Vf (a:(k))) . (4)

This is called a line search. Recall that the restriction of an n-dimensional convex function
to a line in its domain is also convex. As a result the line search problem is a one-dimensional
convex problem. However, it may still be costly to solve. The backtracking line search is
an alternative heuristic that produces very similar results in practice at less cost. The idea
is to ensure that we make some progress in each iteration, without worrying about actually
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Figure 2: Iterations of gradient descent applied to a univariate (left) and a bivariate (right)
function. The algorithm converges to the minimum in both cases.

minimizing the univariate function. By the first-order characterization of convexity we have

hia) = f(z—aVf(z)) ()
> f(2) = Vf(2)" (z—(z—aVf(2))) (6)
= f(2) = a[[Vf (@)l (7)
=1 (0) — a||[Vf (@)ll5- (8)

The backtracking line search starts at a large value of o and decreases it until the function is
below f (z)— 3 ||V f (z)]3, a condition known as Armijo rule. Note that the Armijo rule will
be satisfied eventually. The reason is that the line h (0) — « ||V f (2)||3 is the only supporting
line of h at zero because h is differentiable and convex (so the only subgradient at a point
is the gradient). Consequently h (a) must be below the line A (0) — 5 |[f (2)]]3 as a — 0,
because otherwise this other line would also support h at zero.

Algorithm 2.2 (Backtracking line search with Armijo rule). Given a® > 0 and 3,n € (0,1),
set ay, := a¥ 8 for the smallest integer i such that

£ ) < f (@) - S ||97 ()] [5 0

Figure 4 shows the result of applying gradient descent with a backtracking line search to the
same example as in Figure 3. In this case, the line search manages to adjust the step size so
that the method converges.
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Figure 3: Iterations of gradient descent when the step size is small (left) and large (right). In the
first case the convergence is very small, whereas in the second the algorithm diverges away from

the minimum. The initial point is bright red.

Figure 4: Gradient descent using a backtracking line search based on the Armijo rule.

function is the same as in Figure 3.
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2.2 Convergence analysis
In this section we will analyze the convergence of gradient descent for a certain class of
functions. We begin by introducing a notion of continuity for functions from R™ to R™.

Definition 2.3 (Lipschitz continuity). A function f : R™ — R™ is Lipschitz continuous with
Lipschitz constant L if for any x,y € R"

1F () = f @)l < Ly —ll,- (10)

We will focus on functions that have Lipschitz-continuous gradients. The following propo-
sition, proved in Section A.1 of the appendix, shows that we are essentially considering
functions that are upper bounded by a quadratic function.

Proposition 2.4 (Quadratic upper bound). If the gradient of a function f : R™ — R is
Lipschitz continuous with Lipschitz constant L,

IVf(y) = VI @)l < Lily — =l (11)

then for any x,y € R”
F) <7 @)+ V7 @) -2+ ¢ Iyl (12)

The quadratic upper bound immediately implies a bound on the value of the cost function
after k iterations of gradient descent that will be very useful.

Corollary 2.5. Let 29 be the ith iteration of gradient descent and oy > 0 the ith step size,
if Vf is L-Lipschitz continuous,

P < 7 (@) = o (1 55 ) 197 (@) - (13)

Proof. Applying the quadratic upper bound we obtain

¥ ( k+1)) f ( ) LV (:E(k))T (:E(k—l—l) _ x(k)) +

The result follows because z**t) — 2k = —q, V f (l‘(k)). O

L

5 |2+ — 2®) 2

[

(14)

We can now establish that if the step size is small enough, the value of the cost function at
each iteration will decrease (unless we are at the minimum where the gradient is zero).

Corollary 2.6 (Gradient descent is indeed a descent method). If oy, < +

f (2 0) < £ (@9) = S|V )], (15)



Note that up to now we are not assuming that the function we are minimizing is convex.
Gradient descent will make local progress even for nonconvex functions if the step size is
sufficiently small. We now establish global convergence for gradient descent applied to convex
functions with Lipschitz-continuous gradients.

Theorem 2.7. We assume that f is convex, V f is L-Lipschitz continuous and there exists
a point x* at which f achieves a finite minimum. If we set the step size of gradient descent
to a = a < 1/L for every iteration,

e =

FaW) = g (@) < B (16)
Proof. By the first-order characterization of convexity
£ (@) £ VF (26) (27 = 20D) < f () (17)
which together with Corollary 2.6 yields
f@®) = f (@) < VF (@0)" @0 —a%) = S{|VF (D)) (18)
= % (Il = 2| = ]2 = 2" = aVf (D) ;) (19)
_ % (a0 = |3 = [J2® — 2] (20)

Using the fact that by Corollary 2.6 the value of f never increases, we have

k
FE®) ~f @) < 30 (@) - F ) 1)
=1
= oo (0 a1~ 1~ 2]) 2
= -
2ak 2 (23)
[

The theorem assumes that we know the Lipschitz constant of the gradient beforehand. How-
ever, the following lemma establishes that a backtracking line search with the Armijo rule is
capable of adjusting the step size adequately.

Lemma 2.8 (Backtracking line search). If the gradient of a function f : R™ — R is Lipschitz
continuous with Lipschitz constant L the step size obtained by applying a backtracking line
search using the Armijo rule with n = 0.5 satisfies

O > Qpip = Min {ao, %} ) (24)



Proof. By Corollary 2.5 the Armijo rule with n = 0.5 is satisfied if o < 1/L. Since there
must exist an integer 7 for which 8/L < a3 < 1/L this establishes the result. O

We can now adapt the proof of Theorem 2.7 to establish convergence when we apply a
backtracking line search.

Theorem 2.9 (Convergence with backtracking line search). If f is convex and V f is L-
Lipschitz continuous. Gradient descent with a backtracking line search produces a sequence
of points that satisfy

_ |l |

f@®) =) < T (25)

where Qi = Mmin {ao, % )
Proof. Following the reasoning in the proof of Theorem 2.7 up until equation (20) we have

Fa0) - 1) < g ([l a2 o~ L) 26

_2041'

By Lemma 2.8 a; > auin, SO We just mimic the steps at the end of the proof of Theorem 2.7
to obtain

fa®) = fa) <

| =

> ) =1 @) @0
:11

b (-l -
< [ = |l : 29
- 205mink ( )

]

The results that we have proved imply that we need O (1/¢) to compute a point at which
the cost function has a value that is € close to the minimum. However, in practice gradient
descent and related methods often converge much faster. If we restrict our class of functions of
interest further this can often be made theoretically rigorous. To illustrate this we introduce
strong convexity.

Definition 2.10 (Strong convexity). A function f : R™ is S-strongly convez if for any
x,y € R?

Fy) = f@)+ V(@) (y—2)+ Sy — | (30)



Strong convexity means that the function is lower bounded by a quadratic with a fixed
curvature at any point. Under this condition, gradient descent converges much faster. The
following result establishes that we only need O (log %) iterations to get an e-optimal solution.
For the proof see [6].

Theorem 2.11. If f is S-strongly convex and V f is L-Lipschitz continuous

-1
+1

AL ]2 — o

2 b

Ul

f@®) = f(a) <

|t~

2.3 Accelerated gradient descent

The following theorem by Nesterov shows that no algorithm that uses first-order informa-
tion can converge faster than O (%) for the class of functions with Lipschitz-continuous

gradients. The proof is constructive, see Section 2.1.2 of [4] for the details.

Theorem 2.12 (Lower bound on rate of convergence). There exist convezr functions with
L-Lipschitz-continuous gradients such that for any algorithm that selects *) from

2O spun {97 (20) 9F (a0) .. TF (200)) )
we have
BLHx(O)—x* 2
k)Y _ * 2
fe®) = e 2 = (33)

This rate is in fact optimal. The convergence of O (1/1/€) can be achieved if we modify
gradient descent by adding a momentum term:

Yy = 20—,V f (I(k’)) : (34)
l,(k:-‘rl) _ /Bk y(k+1) + Vi y(k})’ (35)

where ;. and 7, may depend on k. This version of gradient descent is usually known as
accelerated gradient descent or Nesterov’s method. In Section 3.2 we will illustrate the
application of this idea to the proximal gradient method. Intuitively, a momentum term
prevents descent methods from overreacting to changes in the local slope of the function.
We refer the interested reader to [2,4] for more details.
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Figure 5: Iterations of projected gradient descent applied to a convex function with feasibility
sets equal to the unit f2 norm (left) and the positive quadrant(right).

2.4 Projected gradient descent

In this section we explain how to adapt gradient descent to minimize a function within a
convex feasibility set, i.e. to solve

minimize [ (z) (36)
subject to x € S, (37)

where f is differentiable and S is convex. The method is very simple. At each iteration we
take a gradient-descent step and project on the feasibility set.

Algorithm 2.13 (Projected gradient descent). We set the initial point £°) to an arbitrary
value in R™. Then we compute

2+ — Py (x(k) —ayVf (x(k))) , (38)

until a convergence criterion s satisfied.

Figure 5 shows the results of applying projected gradient descent to minimize a convex
function with two different feasibility sets in R?: the unit ¢, norm and the positive quadrant.

3 Nondifferentiable functions

In this section we describe several methods to minimize convex nondifferentiable functions.



3.1 Subgradient method

Consider the optimization problem
minimize f (x) (39)

where f is convex but nondifferentiable. This implies that we cannot compute a gradient and
advance in the steepest descent direction as in gradient descent. However, we can generalize
the idea by using subgradients, which exist because f is convex. This will be useful as long
as it is efficient to compute the subgradient of the function.

Algorithm 3.1 (Subgradient method). We set the initial point %) to an arbitrary value in
R™. Then we compute

) = 20 — oy W) (40)

where ¢%) is a subgradient of f at ), until a convergence criterion is satisfied.

Interestingly, the subgradient method is not a descent method. The value of the cost function
can actually increase as the iterations progress. However, the method can be shown to
converge at a rate of order O (1/€?) as long as the step size decreases along iterations,
see [6].

We now illustrate the performance of the subgradient method applied to least-squares re-
gression with ¢1-norm regularization. The cost function in the optimization problem,

1
minimize éHASU—Z/H;"")‘ ][, (41)

is convex but not differentiable. To compute a subgradient of the function at = we use
the fact that sign (x) is a subgradient of the ¢; norm at x, as we established in the previous
lecture,

g® = AT (Ax(k) — y) + A sign (x(k)) . (42)
The subgradient-method iteration for this problem is consequently of the form

2D = 2 oy (AT (Ax® — y) + A sign (2))) . (43)

Figure 6 shows the result of applying this algorithm to an example in which A € R2000x1000,
y = Axo + z where xq is 100-sparse and z is iid Gaussian. The example illustrates that

decreasing the step size at each iteration achieves faster convergence.

10
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Figure 6: Subgradient method applied to least-squares regression with ¢;-norm regularization for

different choices of step size (g is a constant).
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3.2 Proximal gradient method

As we saw in the previous section, convergence of subgradient method is slow, both in
terms of theoretical guarantees and in the example of Figure 6. In this section we introduce
an alternative method that can be applied to a class of functions which is very useful for
optimization-based data analysis.

Definition 3.2 (Composite function). A composite function is a function that can be written
as the sum

[ (@) +g(z) (44)

where f conver and differentiable and g is convex but not differentiable.

Clearly, the least-squares regression cost function with ¢;-norm regularization is of this form.

In order to motivate proximal methods, let us begin by interpreting the gradient-descent
iteration as the solution to a local linearization of the function.

Lemma 3.3. The minimum of the function
h() = (19) + 97 (@) (- a) 4 ol — 20| (45)

is ) —aV f (x(k)).

Proof.
g = ) o, V (x(k)) (46)

— argmin| o - (&% -, Vf ()] (a7

— argmin £ (e®) + Vf (o) (@ - 2®) + QLO% e —a®|f.  (48)

L]

A natural generalization of gradient descent is to minimize the sum of g and the local first-
order approximation of f.

kD) = argmgginf (z®) + V£ (I(k))T (z —2®) + 2_2% || — m(k)Hz +g(x) (49)
= argmin% ||z — (z® — a, Vf (z¥)) | }2 + aig () (50)
= prox,, (2™ — o, Vf (z¥)). (51)

We have written the iteration in terms of the proximal operator of the function g.

12



Definition 3.4 (Proximal operator). The prozimal operator of a function g : R™ — R is
, 1
prox, (y) := argming (x) + 7 [l — yll;. (52)

Solving the modified local first-order approximation of the composite function iteratively
yields the proximal-gradient method, which will be useful if the proximal operator of g can
be computed efficiently.

Algorithm 3.5 (Proximal-gradient method). We set the initial point 29 to an arbitrary
value 1 R™. Then we compute

2®) — 0, Vf (x(k))) , (53)

g+ — Prox,, , (

until a convergence criterion s satisfied.

This algorithm may be interpreted as a fixed-point method. Indeed, vector is a fixed point
of the proximal-gradient iteration if and only if it is a minimum of the composite function.
This suggests that it is a good idea to apply the iteration repeatedly but that does not prove
convergence (for this we would need to prove that the operator is contractive, see [6]).

Proposition 3.6 (Fixed point of proximal operator). A vector & is a solution to

minimize f(z)+ g(x), (54)
if and only if it is a fixed point of the proximal-gradient iteration

T = prox,, (z —aVf (1)) (55)

for any a > 0.

Proof. 7 is a solution to the optimization problem if and only if there exists a subgradient ¢
of g at Z such that Vf (2) 4+ ¢ = 0. & is the solution to

1
minimize ag(x) + 5 |1z —aVf (@) -2, (56)

which is the case if and only if there exists a subgradient ¢ of g at & such that aV f (Z)+aq =
0. As long as a > 0 the two conditions are equivalent. O]

In the case of the indicator function of a set,

{0 ifres,

7 =
s(@)i=1 itr¢s,

(57)

the proximal operator is just the projection onto the set.

13



Lemma 3.7 (Proximal operator of indicator function). The proximal operator of the indi-
cator function of a convex set S C R"™ is projection onto S.

Proof. The lemma follows directly from the definitions of proximal operator, projection and
indicator function. O]

An immediate consequence of this is that projected-gradient descent can be interpreted as
a special case of the proximal-gradient method.

Proximal methods are very useful for fitting sparse models because the proximal operator of
the /1 norm is very tractable.

Proposition 3.8 (Proximal operator of ¢; norm). The proximal operator of the {1 norm
weighted by a constant A > 0 is the soft-thresholding operator

prox, ., (¥) = Sx (y) (58)

where

(59)

0 otherwise.

1—81111)\2 12)\,
Sk(y)i::{y g ) A if lyi

The proposition, proved in Section A.3 of the appendix, allows us to derive the following
algorithm for least-squares regression with ¢;-norm regularization.

Algorithm 3.9 (Iterative Shrinkage-Thresholding Algorithm (ISTA)). We set the initial
point ) to an arbitrary value in R™. Then we compute

k1) — Sapx (x(k) —ay AT (Ax(k) — y)) , (60)
until a convergence criterion is satisfied.
ISTA can be accelerated using a momentum term as in Nesterov’s accelerated gradient
method. This yields a fast version of the algorithm called FISTA.

Algorithm 3.10 (Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)). We set the
initial point 0 to an arbitrary value in R™. Then we compute

20 = ¢© (61)

p*HD) — Sopn (z(k) — o AT (Az(k) — y)) , (62)
k

bt1) _ et o B ) ) 63

until a convergence criterion s satisfied.

14
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Figure 7: ISTA and FISTA applied to least-squares regression with ¢1-norm regularization.

ISTA and FISTA were proposed by Beck and Teboulle in [1]. ISTA is a descent method.
It has the same convergence rate as gradient descent O (1/€) both with a constant step size
and with a backtracking line search, under the condition that V f be L-Lipschitz continuous.
FISTA in contrast is not a descent method, but it can be shown to converge in O (1/4/¢€) to
an e-optimal solution.

To illustrate the performance of ISTA and FISTA, we apply them to the same example used
in Figure 6. Even without applying a backtracking line search both methods converge to a
solution of middle precision (around 1073 or 10™*) much more rapidly than the subgradient
method. The results are shown in Figure 7.

3.3 Coordinate descent

Coordinate descent is an optimization method that decouples n-dimensional problems of the
form

minimize h (x) (64)

by solving a sequence of 1D problems. The algorithm is very simple; we just fix all the entries
of the variable vector except one and optimize over it. This procedure is called coordinate

15



descent because it is equivalent to iteratively minimizing the function in the direction of the
axes.

Algorithm 3.11 (Coordinate descent). We set the initial point % to an arbitrary value
in R™. At each iteration we choose an arbitrary position 1 <i <n and set

25 = argmin b (a;ﬁ’“), e Ty ,m(k)> , (65)

z; ER n
until a convergence criterion is satisfied. The order of the entries that we optimize over can

be fixed or random.

The method is guaranteed to converge for composite functions where f is differentiable and
convex and ¢ has an additive decomposition,

h(z) :=f<as>+g<a:>=f<x>+Zgi<xi>,

where the functions g1, g2, ..., g : R — R are convex and nondifferentiable [5].

In order to apply coordinate descent it is necessary for the one-dimensional optimization
problems to be easy to solve. This is the case for least-squares regression with ¢;-norm
regularization as demonstrated by the following proposition, which is proved in Section A .4.

Proposition 3.12 (Coordinate-descent subproblems for least-squares regression with ¢;-norm
regularization). Let

1
h($)=§||Ax—y||§+>\llﬂf||1- (66)
The solution to the subproblem ming, h(xy, ...,z ..., x,) 18
Sy (i
5 = ) (67)
1Al

where A; is the ith column of A and

Yi = ZAli (yl - ZAU%‘) . (68)

JFi

For more information on coordinate descent and its application to sparse regression, see
Chapter 5 of [3].
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A  Proofs

A.1 Proof of Proposition 2.4

Consider the function

L r

g(2) =g e~ f(z). (69)

We first establish that g is convex using the following lemma, proved in Section A.2 below.

Lemma A.1 (Monotonicity of gradient). A differentiable function f:R"™ — R is conver if
and only if

(Vf(y)—Vf@) (y—z)=>0. (70)

By the Cauchy-Schwarz inequality, Lipschitz continuity of the gradient of f implies

(Vf(y) =V (@) (y—2) <Ly —all;, (71)
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for any x,y € R". This directly implies

(Vg(y) = V(@) (y—=z)=(Ly—Le+Vf(z) - Vf(y) (y—2) (72)
=Llly -zl - (Vf(y) - V(@) (y—2) (73)
>0 (74)

and hence that ¢ is convex. By the first-order condition for convexity,

gyTy —fw)=g9y) (75)
> g(2) + Vg (2)" (y— ) (76)
_ ngx — f @)+ (Le =V (@) (y—2). (77)

Rearranging the inequality we conclude that

F) <7 @)+ V7@ -2+ ¢ Iyl (78)

A.2 Proof of Lemma A.1

Convexity implies (Vf (y) — Vf (z))" (y — 2) > 0 for all 2,y € R"

If f is convex, by the first-order condition for convexity

fly)=f@)+Vf@) (y—a)), (79)
f@)=fW)+Viw (@—y)), (80)
(81)

Adding the two inequalities directly implies the result.
(Vf(y)—Vf ()" (y—x)>0forall z,y € R" implies convexity

Recall the univariate function g, : [0, 1] — R defined by
Gap (@) == f(aa+ (1 —a)b), (82)

for any a,b € R". By multivariate calculus, g, , (o) = Vf (aa+ (1 — ) b)" (a — b). For any
€ (0,1) we have

Gas (@) = gap (0) = (Vf (a+(1-a)b)=V[(b ))T (a—10) (83)
(Vf(aa+(1—a) b) — V) (cva+(1—a)b—0b) (84)
> O because (Vf (y) —Vf (z ))T( —x) > 0 for any z,y. (85)
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This allows us to prove that the first-order condition for convexity holds. For any x,y

f (@) = gy (1) (36)
=gmxm4QA 4., () da (87)
> 4oy (0) + g, 0) (38)
—FW) Vi) —y). (39)

A.3 Proof of Proposition 3.8

Writing the function as a sum,

1 R~ 1 2
>\HxH1+§Hy—xH2=Z\%|+§(yi—xi) (90)
i=1
reveals that it decomposes into independent nonnegative terms. The univariate function

R(B) = IS+ 5 (v — B)° o1)

is strictly convex and consequently has a unique global minimum. It is also differentiable
everywhere except at zero. If g > 0 the derivative is A + 3 — y;, so if y; > A, the minimum
is achieved at y; — A. If y; < A the function is increasing for g > 0, so the minimizer must
be smaller or equal to zero. The derivative for § < 0 is —\ 4+ [ — y; so the minimum is
achieved at y; + A if y; < A. Otherwise the function is decreasing for all 5 < 0. As a result,
if —\ <y; < A the minimum must be at zero.

A.4 Proof of Proposition 3.12

Note that

m 2 n
rrglgm h (z) = min Z (Z Az — yl> + A Z || (92)
i T 1 =l

=1

= H}EIHZ — Azl + (Z Ay — yz) Apwi + A |z (93)

1=1 j#i
The univariate function
1
g(8) = 5114l 8% =B + X |5 (95)
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is strictly convex and consequently has a unique global minimum. It is also differentiable
everywhere except at zero. If 8 > 0 the derivative is ||A;||3 8 — v + A, so if 5 > A, the
minimum is achieved at (y; — A) / [|4][5. If v; < A the function is increasing for 5 > 0, so the
minimizer must be smaller or equal to zero. The derivative for 8 < 0 is ||A;]|2 8 — 7 — A so
the minimum is achieved at (v; + A) /||A:||5 if 7 < A. Otherwise the function is decreasing
for all # < 0. As a result, if —\ < 7; < A the minimum must be at zero.
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Lecture notes 4 February 22, 2016

Sparse linear models and denoising

1 Introduction

1.1 Definition and motivation

Finding representations of signals that allow to process them more effectively is a central
problem in signal processing and data analysis. We will consider linear models, where the

signal x is a represented as a sum of weighted atoms ¢1, ¢a, ..., O
=Y cid; (1)
i=1
The set of atoms {¢1, @9, ..., dm} is often called a dictionary. The m-dimensional vector of

coefficients c¢ is the representation of the signal x in the dictionary.

A sparse linear model consists of the sum of a small number of atoms selected from a certain
dictionary

e=Yco  |Zl<m, 2)

1€

here 7 is a set of indices of atoms in the dictionary. Its cardinality is significantly smaller
than the number of atoms in the dictionary.

Signals in specific applications tend to have similar characteristics. In this lecture we will
study how to use sparse linear models to exploit this common structure and enhance data
analysis in applications such as compression and denoising. These models may also be
applied to tackle inverse problems, as we will see in the next couple of lectures.

Finding dictionaries that are able to represent classes of signals, such as images or speech,
parsimoniously has been an extremely active area of research in the last 30 years. It is very
related to the problem of computing useful features in machine learning. There are two main
approaches to building sparsifying dictionaries. The first is to use domain knowledge and
intuition. This is the approach on which we will focus in this lecture. The second approach
is to learn the transformation directly from a database of signals in the class of interest. We
will study such methods later on in the course.



1.2 Bases and overcomplete dictionaries

If the atoms of the dictionary {¢y,...,¢,} form an orthonormal basis of R" (or C") fitting
the coefficients of a linear model is extremely simple. If (1) and the atoms are orthonormal
then

¢ = (¢, x). (3)

The coefficients are obtained by computing inner products with the atoms. The representa-
tion is simply

r= (dix) i (4)
i=1
If we construct a matrix using the atoms as columns
U:=[¢1 ¢ - o) ()
then ¢ = UTx (or ¢ = U* in the complex case).
If the atoms {¢1,...,¢,} form a basis, then the matrix
B = [¢1 Gy - ¢n], (6)

has an inverse matrix B~!. The rows of B~!, which we denote by 0;,6,,...,0,, can be
interpreted as dual atoms. We have

v=BB 'z = i (0;, ) ¢; (7)
i=1
SO
¢ = (0;, ). (8)
If the atoms {¢1, ..., ¢, } are linearly independent and m > n, then the dictionary
D:=[d ¢2 -+ b (9)

is overcomplete and no longer has an inverse. There are two alternative ways in which we
can use a given overcomplete dictionary to define a sparse linear model:

1. Synthesis: The synthesis sparse model assumes that there is a sparse m-dimensional
vector of coefficients ¢ such that

x = De. (10)

As we will see, finding such a ¢ from a given x is not necessarily an easy task.



2. Analysis: In the analysis sparse model assumes that
DTz (11)

is sparse, i.e. that the signal has nonzero correlation with a small number of atoms in
the dictionary.

If the dictionary is an orthonormal basis, both models are equivalent.

2 Linear transforms

In this section we describe some of the most important transforms in signal processing.

2.1 Frequency representation

The frequency decomposition or spectrum of a function is obtained by representing the
function as a superposition of sinusoids. To make this more formal, let us consider an
infinite dictionary of sinusoids

or, := {€*™" = cos (2wkt) + isin (27kt), k € Z} . (12)

Recall that L, ([0, 1]), the space of square-integrable functions defined on the unit interval,
is a Hilbert space when endowed with the inner product

1
(r9) = [ T (0 a (13)
0
It is not difficult to check that the dictionary of sinusoidal is orthonormal under this inner
product: the atoms are mutually orthogonal and have unit norm.

The Fourier series coefficients of a signal f € L, are obtained by taking its inner product
with atoms from the dictionary,

Cr ‘= <¢k7 f) (14>
1
= [ f(t)e ™™ dt. (15)
0
The Fourier series of order n of f is defined as
S ()= > €™ =" 6k, [) b (16)
k=—n k=—n



Signal DCT coefficients

Figure 1: A signal that is sparse in the DCT dictionary.

Signal Spectrum

Figure 2: Electrocardiogram signal (left) and the magnitude of its spectrum (right).



It turns out that the dictionary is actually an orthonormal basis for s, since
lim ||f(t) =S, (t)]]=0 for all f el . (17)
n—oo

This is a classical result, we refer to any text on Fourier analysis for the proof.

The discrete Fourier transform (DFT) is a discrete counterpart to the Fourier series. It maps
vectors in C" to their decomposition in terms of discrete sinusoids of the form

S
i2nk
1|
o= @2’;’“2 , 0<k<n-1 (18)
i2wk(n—1)
—6 " =

This dictionary is an orthonormal basis of C™. The corresponding matrix is known as the
DFT matrix,

Fi=[po &1 - ¢n], (19)
DFT {2} == Fu. (20)

The fast Fourier transform (FFT) algorithm allows to compute the DFT in O (nlogn).
This efficiency is crucial in practical applications. The discrete cosine transform (DCT)
is a related transformation designed for real vectors; the corresponding atoms are shifted
cosines instead of complex exponentials. Figure 1 shows a signal that is sparse in the DCT
dictionary. Figure 2 shows the frequency representation of an electrocardiogram signal. The
energy of its spectrum is highly concentrated in the low frequencies, as the signal fluctuates
slowly. The representation allows to detect periodicities in the signal, which correspond to
DFT coefficients with large magnitudes.

The DFT can be extended to two dimensions by considering two-dimensional sinusoidal
atoms obtained by taking the outer product of the one-dimensional atoms defined by (18).

i27ko i27ko (n—1)
1 e n n
i2mky 27 (ky +ko) 2 (kq +ko(n—1))
1 e n (& n .« .. e n
i?kz = (21)
’ n e
i27k1(n—1) 27 (k1 (n—1)+kg) 27 (k1 (n—1)+kg(n—1))
n [ n ... (& n
_ 41D (1D\T

To compute the 2D DFT of an image we take inner products with these 2D sinusoidal atoms,
which form an orthonormal basis of C"*". The transform can be computed efficiently by
applying 1D DFTs to the rows and columns of the array,

DFT?* {X} := FXF (23)



Original 10 % largest DCT coeffs 2% largest DCT coeffs

Figure 3: Discarding the smallest DCT coefficients of an image allows to compress it quite effec-
tively.

The 2D frequency representation of images tends to be sparse. In particular, most of the
energy of the image tends to be concentrated in the lower frequencies. This insight can be
used to compress the image by just retaining the coefficients with larger magnitudes. Figure 3
shows that this simple scheme can be quite effective. The JPEG compression standard is
based on a similar idea: high-frequency coefficients are discarded according to a perceptual
model.

2.2 Short-time Fourier transform (STFT)

The Fourier series or the DFT provide global information about the periodicities of a signal,
but they do not capture localized periodicities. However, the spectrum of speech, music
and other sound signals changes with time. To analyze the changes in the spectrum we can
compute the DFT of time segments of the signal. However, doing this in a naive way may
introduce spurious high-frequencies, as shown in Figure 4. Multiplying the time segment
with a window that tapers off at the ends smoothens the transitions and avoids introducing
high-frequency artifacts.

The short-time Fourier transform (STFT) is defined as the Fourier series coefficients of the
pointwise product between a function and a shifted window w : [0,1] — C approximately
localized in time and frequency

STFT {f} (k,7) := /0 fOwt—71)e 2™ dt. (24)

Equivalently, the STFT coefficients are equal to the inner product between the signal and
atoms of the form ¢, (t) :== w (t — 7) €*™* which corresponds to copies of w shifted by 7
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Figure 4: The spectrum of a time segment may contain spurious high-frequency content produced
by the sudden transition at the ends of the segment. In the frequency domain, the spectrum is being
convolved by a sinc function, which has a very heavy tail. Multiplying the signal by a localized
window that has a faster decay in the frequency domain alleviates the problem.
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Figure 5: Atoms in the STFT dictionary.



Time Frequency

Figure 6: Time and frequency representation of a speech signal.
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Figure 7: Spectrogram (log magnitude of STFT coefficients) of the speech signal in Figure 6.



Scaling function Mother wavelet

Figure 8: Scaling function and mother wavelet of the Haar wavelet transform.

in time and by k in frequency. Some examples are shown in Figure 5. Including dilations of
w (in addition to time and frequency translations) yields a dictionary of Gabor atoms.

The discrete-time STFT consists of pointwise multiplication by a shifted window followed by
a DFT. This is equivalent to computing DTz, where D € C™*™, m > n is an overcomplete
dictionary. The corresponding analysis sparse model is very useful for speech analysis. The
logarithm of the magnitude of the STFT coefficients, called an spectrogram, is widely used
for sound processing. Figure 7 shows the spectrogram of a real speech signal. The time and
frequency representation of the same signal are shown in Figure 6.

2.3 Wavelets

Wavelets are atoms that allow to capture signal structure at different scales. A wavelet 1
is a unit-norm, zero-mean function in Ly. The wavelet transform of a function f € L, is

defined as

t—T

1
W )= 10w (ST) ar= ). (25)
The wavelet coefficients are obtained by taking the inner product with atoms that are shifted
and dilated copies of the mother wavelet

ur )= S0 (7)) (26)

The wavelet transform coefficients provide information about the signal at different scales.
This rather vague statement can be made precise using the multiresolution framework of
Mallat and Meyer.
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Definition 2.1 (Multiresolution approximation). A multi resolution approximation is a se-
quence {V;,j € Z} of closed subspaces of Ly (R) satisfying the following conditions.

o Dilating functions in V; by 2 yields functions in V;qq

f@)er¢:>f(%)€l@+ (27)

o Approzimations at a scale 27 are always better than at 277!

Vi1 C V. (28)

V; is invariant to translations at the scale 27

f)eV;, < f(t—2k)eV;  foralkeL. (29)

o As j — oo the approximation loses all information

lim ;= {0}. (30)

e As j — —oo the approximation is perfect

lim V; = L. (31)

Jj——00

There exists a scaling function ¢ € Vy such that

{Cok (1) :=C(t— k), k€ Z} (32)

1s an orthonormal basis for V.

Under these conditions, we can interpret the projection Py, (f) of a function f onto V; as
an approximation of f at scale 27. In a remarkable result, Mallat and Meyer prove that for
any multiresolution approximation there exists a wavelet ¢ such that

Py, (f) =Py () + D (o, f) i (33)

kEZ

The particular wavelet ¢ that yields this orthonormal basis depends on the scaling function.
Figure 8 shows the scaling function and the corresponding mother wavelet for the Haar
wavelet transform. The dictionary of shifted wavelets dilated by 27 {¢2j7k7 k e Z} is an
orthonormal basis for V; N ijrl, i.e. the subspace in V; that contains the functions that

11



Signal Haar transform

4

Figure 9: Haar wavelet coefficients (right) of an electrocardiogram signal (left).

are not available at coarser scales. As a result, {Co,k (), a1 g, Vo2 g, - ., Uiy, k€ Z} is an
orthonormal basis for V;.

Wavelet bases can be discretized to obtain orthonormal bases of C™ or R™. These discrete
transforms can be computed in O (n). Figure 9 shows the Haar wavelet coefficients of an
electrocardiogram signal. The corresponding multiresolution approximations at the different
scales are shown in Figures 10, 11 and 12.

A signal-processing interpretation of the wavelet transform is that the scaling function acts as
a low-pass filter, whereas the dilated and shifted wavelets act as band-pass filters in different
bands. Many other wavelet bases apart from the Haar exist: Meyer, Daubechies, Battle-
Lemarie, ... We refer the interested reader to [3] for more information. Chapter 7 provides
a detailed and rigorous description of the construction of orthonormal wavelet bases from a
multiresolution approximation.

Two-dimensional wavelets can be obtained by taking outer products of one-dimensional
wavelets, as we did for the DFT.

2D ._ 41D D \T

s1,82,k1,k2 " ¢81,k1 ( 82J€2> <34)
The corresponding two-dimensional transform allows to obtain sparse representations of
natural images. An example is shown in Figure 13. The wavelet coefficients at finer scales
are mostly zero in most areas of the image. Figure 14 shows the sorted magnitudes of the
coefficients on a logarithmic scale. A large majority of the coefficients are very small and
can be discarded without significantly affecting the quality of the image. The JPEG 2000
compression standard is based this insight.

Finally we would like to mention that designing multidimensional transforms that are more
effective at providing sparse representations for images has been a vibrant research subject

12



Scale Contribution Approximation

7 o, 7
4
28 Wﬂ J]
4
] ] mwwﬂw,

Figure 10: Approximation of the electrocardiogram signal in Figure 9 using a Haar multiresolution
approximation at different scales (right). On the left, we can see the projection of the signal onto
VN VjL_H, which captures the information in the signal at scale 27.
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Scale Contribution Approximation
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Figure 11: Approximation of the electrocardiogram signal in Figure 9 using a Haar multiresolution
approximation at different scales (right). On the left, we can see the projection of the signal onto
VN VjL_H, which captures the information in the signal at scale 27.
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Seale Contribution Approximation
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Figure 12: Approximation of the electrocardiogram signal in Figure 9 using a Haar multiresolution
approximation at different scales (right). On the left, we can see the projection of the signal onto
VN VjL_H, which captures the information in the signal at scale 27.
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Wavelet coeflicients

Figure 13: Coeflicients in a wavelet basis (right) of a natural image (left).

for many years. Some of these extensions include the steerable pyramid, ridgelets, curvelets,
and bandlets. We refer to Section 9.3 in [3] for more details.

3 The synthesis model

Overcomplete dictionaries provide greater flexibility for signal representation than orthonor-
mal transforms, but this comes at a cost. Computing the corresponding coefficients and
using the corresponding sparse models to process data is not as simple or computation-
ally efficient. We consider an overcomplete dictionary D with linearly independent atoms
{b1,...,Pm € R™} that are linearly independent

D:=[¢1 ¢o -+ Onml, m > n. (35)
The synthesis sparse model assumes that a signal € R™ can be represented as
x = Dc, (36)

where c is sparse. Unfortunately, even if such a sparse c exists, it is not easy to compute
it from x. There reason is that there are infinite choices of coefficient vectors ¢’ such that
x = D¢ and most of them are not sparse at all!

A possible choice for the coefficient vector is given by the following lemma, which is proved
in Section A.1 of the appendix.
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Figure 14: Sorted magnitude of the wavelet coefficients shown in Figure 13 plotted on a logarithmic
scale. The image is highly compressible in the wavelet domain.

Lemma 3.1 (Minimum /¢y-norm solution). The coefficient vector with minimum {3 norm
satisfying x = Dc is

g, = DT (DDT)_1 x, (37)

which 1s the projection of ¢ onto the row space of D.

In the case of complex signals, the same result holds replacing DT by D*.

Unfortunately, the minimum ¢5-norm solution is often very dense. Let us consider a concrete
example. We define the atoms of an overcomplete dictionary of sinusoids as

o (5) Lo hcm1<< (38)

=—e m <k<m,1<j5<n.
K \J NG J

If m = n this is an orthonormal DFT basis, but for m > n the sinusoidal atoms are correlated
and the dictionary is overcomplete. Figure 15 shows a signal that is sparse in this dictionary
and the corresponding coefficient vector. Note that this signal would not be sparse in a DFT
basis. As we can see in Figure 16, the minimum ¢5-norm coefficient vector is not sparse.

Ideally, we would like to find the coefficient vector with the smallest number of nonzeros
that corresponds to the signal. More precisely, our aim is to solve

minimize |||, (39)
subject to x = D¢ (40)

Unfortunately, this optimization problem is computationally intractable. Intuitively, we
cannot do much better than try out all the possibilities. However there are tractable methods
that are able to produce sparse coefficients in practice. They are divided in two main classes.
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Figure 15: A signal that is sparse in an overcomplete dictionary of sinusoids (left) and its corre-
sponding coefficients (right).

e Greedy methods which select atoms one by one.

e Methods based on solving a related convex program, usually ¢;-norm minimization.

In general, the performance of these methods deteriorates for dictionaries with more cor-
related atoms. This is not surprising because correlations tangle the contributions of the
different atoms making more difficult to obtain a sparse solution efficiently.

3.1 Greedy methods

Matching pursuit (MP) [1] is a very simple method for obtaining a sparse coefficient vector.
We initialize a residual vector to equal the signal. Then we iteratively choose the atom
that is most correlated with the residual and subtract the component of the residual in that
direction.

Algorithm 3.2 (Matching pursuit). Given a dictionary D € R™™ (or C"*™) and a signal
x € R" (or C"), we initialize the residual and the approximation by setting,

r0 .= g, (41)
=0, (42)
70 = 9. (43)
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Then for a fixed number of iterations k =1,2,..., N we compute

(k) . ar max rE=1 % 44
¢ gje{l,Z,...,m}/I(k*U I 9591 (44)
7). — k=1 <r(k_1), ¢(k)> o®, (45)
P8 D) (1) 090 (k) (46)
W = 7"V U {§}  where j is the index such that o™ = ¢;. (47)

The output is a sparse approzimation to the signal @N) and the corresponding coefficient
indices TN,

If the atoms form an orthonormal basis, MP produces the exact coefficient vector in a number
of iterations that is equal to its cardinality. However, for more correlated dictionaries it might
choose wrong atoms (that may be very correlated with the actual atoms that form the signal),
as shown in Figure 16.

The approximation obtained by MP at every iteration is not necessarily optimal in terms of
ly-norm. Indeed, given a set of atoms

Dy = [Qg(l) ¢(2) ¢(N)} (48)

where N < m, the coefficients that yield the best /;-norm approximation are equal to the
least-squares estimate

Cls 1= D;(k)x (49)
-1

In contrast, MP computes

1

(cnp)y = <¢(k)’ L= i (CMP)]’ ¢(j)> : (51)

Jj=1

Setting the coefficients to equal (49) ensures that the residual and the approximation are
orthogonal. This is the strategy followed by orthogonal matching pursuit (OMP) [7].

Algorithm 3.3 (Orthogonal matching pursuit). Given a dictionary D € R™™ (or C"*™)
and a signal x € R™ (or C"), we initialize the residual and the approximation by setting,
r0 .=

x, (52)
70 = (53)
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Figure 17: The minimum #;-norm solution is sparser than the minimum #»-norm solution because
of the geometry of the £;-norm and ¢o-norm balls.

Then for a fized number of iterations k = 1,2,..., N we compute

) _ h1)
o) = argje{lvz’{{f}g?/ﬂk_l)l@“ N (54)

W =TV U {5} where j is the index such that ¢ = b;, (55)
Dzay = [ ¢@ ... ¢®], (56)

¢® =Dl =, (57)

®) = Dogy ¢®), (58)

rk) =g — ), (59)
The output is a sparse approzimation to the signal #N) and the corresponding coefficient
indices TV,

OMP produces better approximations to the signal than MP, but it may still choose the
wrong atoms if the dictionary is highly correlated, as is the case in Figure 16.

3.2 /i-norm minimization

As shown in Figure 16 minimizing the ¢5 norm of the coefficient vector does not tend to yield
a sparse solution. However, minimizing the ¢; norm, i.e. solving the problem

minimize  ||¢[]; (60)
subject to x=D¢ (61)

often does. This approach is known as basis pursuit [2] in the literature. As we have seen in
previous lectures, the optimization problem is convex and can be recast as a linear program.
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It is therefore computationally tractable although significantly more computationally costly
than greedy methods such as MP or OMP. /;-norm minimization achieves better results than
these methods in some cases, see for instance Figure 16, but it may also fail to find sparse
solutions in highly correlated dictionaries.

Figure 17 provides some geometric intuition as to why minimizing the ¢; norm is better than
minimizing the ¢, norm when we aim to obtain sparse solutions under linear constraints.
The ¢1-norm ball is more concentrated around the axes than the f,-norm ball. It is therefore
more likely for the line representing the constraint x = Dc to be tangent to the ball on
an axis, where the solution has cardinality one instead of two. As a result, the minimum
¢1-norm solution is sparser than the minimum /¢;-norm solution. This intuition generalizes
to higher dimensions.

4 Denoising

4.1 The denoising problem

The aim of denoising is to extract a signal from data that is corrupted by uninformative
perturbations, which we call noise. We will focus on the additive noise model

data = signal + noise, (62)
y=1x+z. (63)

In order to achieve denoising it is necessary to have some prior knowledge about the structure
of the signal and the structure of the noise. As an example, in Figure 18, an electrocardiogram
recording is corrupted by high-frequency perturbations. In the frequency domain, we can
see a small peak at 60 Hz due to noise coming from the power grid. To eliminate this noise
we enforce the prior that the signal of interest is essentially low pass by filtering out the high
end of the spectrum.

4.2 Thresholding

Dictionaries and transforms such as the DFT, STFT and the wavelet transform allow to
obtain sparse representations of images, music, speech and other signals. These dictionaries
exploit structure that is expected to be present in the signal but not in the noise. As a result
the noise component in the data will not have a sparse representation most of the time; it
is incoherent with the dictionary atoms. This can be exploited to denoise the signal via
thresholding.

Definition 4.1 (Hard thresholding). Let + € R™. The hard-thresholding operator H,, :
R™ — R™ sets to zero any entries in x with magnitude smaller than a predefined real-valued
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Figure 18: Electrocardiogram recording denoised via low-pass filtering.

threshold n > 0,

0 otherwise.

M, (@), = { ¥ |z >, (64)

The idea is very simple. We first map the signal to a domain where it is sparse, but the
noise is dense. Then we discard all the coefficients below a certain threshold, as illustrated

in Figure 19. In particular, if the signal is sparse in a basis, we threshold the coefficients
By,

¢=H, (B 'y (65)
=H,(c+B'2), (66)
i = Be. (67)

For the method to work B~!'z must not be sparse. We can actually prove that this is the
case if the basis is orthonormal and the noise is iid Gaussian.

Lemma 4.2 (Thresholding Gaussian noise). If z is an n-dimensional iid Gaussian with zero
mean and variance o, then for any orthogonal matriz U € R™ Uz is iid Gaussian with

zero mean and variance 0'2.
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Figure 19: Denoising via hard thresholding.

Proof. By elementary properties of Gaussian random vectors, U?z is Gaussian with zero
mean and covariance matrix

S=U"(c*1)U=0’U"U =0’1. (68)
]
Figures 20 and 21 show the results of applying this denoising method to the signals in

Figures 1 and 13. Both signals are corrupted by additive Gaussian noise. In both cases,
exploiting the sparse decomposition allows us to denoise the data very effectively.

Thresholding can also be applied in conjunction with a sparse analysis model. If we suspect
that the inner products between a signal x and the atoms in a dictionary D are mostly zero
then we can threshold DTy to denoise the coefficients,

¢ =M, (D"y) (69)
=H,(D"z+ D"z), (70)
(71)

This method will be effective if DTz is dense (recall that z denotes the noise component).
Recovering an approximation to the signal from the thresholded vector H, (DTy) requires
applying a left inverse L that might introduce some distortion,

#=1L¢, LD"=I. (72)

An alternative approach is to enforce the analysis model within an optimization problem, as
we explain in Section ??7. Thresholding STFT coefficients is a popular denoising technique
in speech processing. Figures 24 and 7?7 show an example with real data.
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Figure 20: Denoising via hard thresholding in the DCT basis.
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Figure 21: Denoising via hard thresholding in a biorthogonal wavelet basis.
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Time thresholding

Figure 22: Time thresholding applied to the noisy data shown in Figure 6. The result sounds
terrible because the thresholding eliminates parts of the speech.

4.3 Block thresholding

When we apply transforms that capture localized details of signals, such as the wavelet
transform or the STF'T, sparse representations tend to be highly structured. For example,
nonzero wavelet coefficients are often clustered around edges. This is apparent in Figure 13.
The reason is that several localized atoms are needed to reproduce sharp variations, whereas
a small number of coarse-scale atoms suffice to represent smooth areas of the image.

The assumption that the coefficients of a signal are grouped together is called group sparsity.
Thresholding-based denoising of group-sparse signals should take into account this structure.
It is probably a good idea to threshold an isolated coefficient that is not too large, but a sim-
ilar coefficient that lies near large nonzero coefficients is likely to contain useful information
and should not be discarded.

Block thresholding exploits group sparsity by thresholding the ¢5 norm of groups of co-
efficients. The coefficients are partitioned into blocks Z;,7Z,,...,Z,. The blocks are then
thresholded one by one.

B, (x), i x; ifq e I‘j such that HijHz > 1, (73)
0 otherwise.

4.4 Speech denoising

We use a real speech denoising example to compare the effect of thresholding in different
domains and of applying block thresholding. The recording shown in Figures 6 and 7 is a
short snippet from the movie Apocalypse Now where one of the character talks over the noise
of a helicopter. We denoise the data using the following methods (click on the links to hear
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Frequency thresholding

Figure 23: Frequency thresholding applied to the noisy data shown in Figure 6. The result is
very low pitch because the thresholding eliminates the high frequencies of both the speech and the
noise.

the result):

e Time thresholding: The result, which is plotted in Figure 22, sounds terrible because
the thresholding eliminates parts of the speech.

e Frequency thresholding: The result has very low pitch because the thresholding elim-
inates the high frequencies of both the speech and the noise. The spectrum is shown
in Figure 22 before and after thresholding.

e STFT thresholding: The result is significantly better but isolated STFT coefficients
that are not discarded produce musical noise artifacts. The corresponding spectrogram
is shown in Figure 24.

e STET block thresholding: The result does not suffer from musical noise and retains
some of the high-pitch speech. The corresponding spectrogram is shown in Figure 24.

The results are compared visually for a small time segment of the data in Figure 25.

4.5 Synthesis model

A discussed previously, overcomplete dictionaries are not invertible. This means that we
cannot apply a linear transform to the noisy signal and threshold in order to exploit the
synthesis model. However, we can apply the methods we studied in Section 3 for estimating
synthesis coefficients in the noiseless case. In particular, we can adapt the approach based
on /;-norm minimization by eliminating the equality constraint in Problem ?? and adding a
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Figure 24: Spectrograms of the noisy signal (above) compared to the estimates obtained by simple
thresholding (center) and block thresholding (bottom). The result of simple thresholding contains
musical noise caused by particularly large STFT coefficients caused by the noise that were not
thresholded. The result of block thresholding does not suffer from these artifacts.
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Figure 25: Comparison of the original noisy data (blue) with the denoised signal for the data
shown in Figure 6. We compare frequency thresholding (above) and thresholding (center) and block
thresholding (below) of STEFT coefficients.
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Figure 26: A signal consisting of a superposition of spikes and sinusoids.

data-fidelity term to the cost function. This is known as basis-pursuit denoising [2]. Thus,
we estimate the coefficients by solving
¢ = arg min ||y — Dél[; + Allell, (74)
z = De, (75)

where A > 0 is a regularization parameter that determines the tradeoff between the term
that promotes sparsity and the term that promotes data fidelity.

The signal in Figure 26 is not sparse either in a basis of spiky atoms or sinusoidal atoms.
However, it is sparse in a dictionary that contains both sinusoids and spikes,

a

b

where I € R™™" is the identity matrix and F' € R™*" is a DCT matrix. Figure 27 shows the
result of applying /;-norm regularization to denoise a noisy version of the signal.

e =De=[I F]H:a+Fb, (76)

4.6 Analysis model

In Section 4.2 we explained how to apply thresholding to the coefficients of a noisy signal
in an overcomplete dictionary. To retrieve an approximation of the signal we were forced to
apply a left inverse matrix that could distort the result. A more principled way to enforce a
sparse analysis model while denoising is to solve the ¢;-norm regularized problem

& = arg min ||y — |, + A||ATz]],, (77)

which can be interpreted as a tractable relaxation of the problem
minimize  ||D"Z| ’0 (78)
subject to y = T. (79)
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Figure 27: Denoising via £;-norm-regularized least squares.

Although this problem is very similar to the ¢;-norm regularized synthesis formulation (74)
it is significantly more challenging to solve.

In image processing, an extremely popular analysis operator is the finite-differences operator.
The reason is that images are often well approximated as piecewise constant, which means
that they have sparse gradients. We define the total variation of an image Im as the ¢;-norm
of the horizontal and vertical components of its gradient

TV (Im) := ||V Tml[; + [V, I . (80)

If the image is corrupted by noise that is not piecewise constant, we can enforce the prior that
the gradient is sparse by penalizing the total variation of the estimate. This is equivalent
to applying ¢;-norm regularization with an analysis operator that computes the discretized
gradient of the image (i.e. a finite-differences operator),

Y—IAr/nHi—l—ATV (1m). (81)

Im = arg _min
TmeRnxn
Figures 29, 30 and ?? display the results of applying total-variation denoising to a one-
dimensional piecewise constant signal and to a real image. Small values of the regularization
parameter do not denoise well, whereas large values produce cartoonish estimates. Medium
values however allow to denoise quite effectively. We refer the interested reader to [1,06] for
more details on total-variation regularization.

References

The book A wavelet tour of signal processing by Mallat [3] is a great reference for the topics
discussed in these notes. Numerical experiments by Gabriel Peyré illustrating many of the
ideas that we have discussed are available here.
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Figure 28: One-dimensional signal (left) and the corresponding noisy data (right).
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Figure 29: Total-variation denoising applied to the data in Figure 28 for different values of the

regularization parameter.
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Figure 30: Total-variation denoising applied to the image in Figure 21 for different values of the
regularization parameter.

Original Estimate

Figure 31: Total-variation denoising applied to the image in Figure 21 for different values of the
regularization parameter.
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A Proofs

A.1 Proof of Lemma 3.1

Consider the SVD of D = USV*. The columns of V' € R™*" are an orthonormal basis for
the row space of D row (D). Let us decompose any coefficient vector ¢’ such that = D¢ as

! =Vb+P, py () (82)
where b is an n-dimensional vector. If x = D¢, then
STy =V (83)
—V* (Vb+ Py () (84)
= b, (85)

so b has the same value for any ¢’ such that x = Dc¢’. We can decompose the norm of ¢ in
the following way by Pythagoras’s Theorem,

HC/H2_H,P N2 ) / 2
2 row (D) (C)H2+ ‘ row(D)J‘ (C) 9

= Hb| |§ + Prow(D)l (CI> . (87)

Any solution such that P

row(py~ (€) # 0 will have norm greater than Hng so the minimum
norm solution is

Vb=VS Uz (88)

1

D" (DD") . (89)
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Random projections

1 Introduction

Random projections are a useful tool in the analysis and processing of high-dimensional
data. We will analyze two applications that use random projections to compress information
embedded in high-dimensional spaces: dimensionality reduction and compressed sensing.

2 Dimensionality reduction

The goal of dimensionality-reduction techniques is to project high-dimensional data onto a
lower-dimensional space while preserving as much information as possible. In these notes
we will denote the dimension of the high-dimensional space by n and the dimension of the
low-dimensional subspace by m. These methods are a basic tool in data analysis; some
applications include visualization (especially if we project onto R? or R3), denoising and
decreasing the computational cost of processing the data. Indeed, the complexity of many
algorithms depends directly on the ambient dimension and in big-data regimes applying
even very simple machine-learning algorithms such as nearest-neighbour classification or
least-squares regression may have a huge computational cost.

We will focus on dimensionality reduction via linear projections.

Definition 2.1 (Linear projection). The linear projection of x € R™ onto a subspace S C R"
1s the point of S that is closest to x, i.e. the solution to the optimization problem
minimize |z —ull, (1)
subject to uecsS. (2)

The following simple lemma explains how to compute a projection using an orthonormal
basis of the subspace that we want to project onto. The proof is in Section of the
appendix.

Lemma 2.2. Let U be a matriz whose columns are an orthonormal basis of a subspace
S CR™

Ps (v) =UU"z. (3)



Once we fix a projection and a corresponding matrix U the lower-dimensional represen-
tation of a vector x € R" is UTz € R™, so the dimensionality is reduced from n to m.
An interesting problem is how to choose the low-dimensional subspace parametrized by U.
The following sections describe two popular alternatives: principal component analysis and
random projections.

2.1 Principal component analysis

Principal component analysis (PCA) is an adaptive dimensionality-reduction technique in
which we first determine the directions of maximum variation in a dataset and then project
onto them. PCA is based on the singular-value decomposition (SVD). The proof of the
following fundamental result can be found in any graduate linear algebra textbook.

Theorem 2.3. Without loss of generality let m < n. FEvery rank r real matriz A € R™*™
has a unique singular-value decomposition of the form (SVD)

o 0 - 0 ol
i B I B (4)
0 0 - on [T
= USsv7, (5)
where the singular values o1 > o9 > --+ > 0, > 0 are nonnegative real numbers, the matrix

U € R™™ containing the left singular vectors is orthogonal, and the matrix V € R™*"
containing the right singular vectors is a submatriz of an orthogonal matriz (i.e. its columns
form an orthonormal set).

Algorithm 2.4 (Principal component analysis). Given k data vectors %y, s, ..., % € R,
we apply the following steps.

1. Center the data,

|

k
1
mi=d— Y &, 1<i<n (6)
i=1
2. Group the centered data in o data matriz X € R™*

X:[a:l Ty - xk} (7)

3. Compute the SVD of X and extract the left singular vectors corresponding to the m
largest singular values. These are the first m principal components.



o1//m = 0.705, o1//m = 0.9832, o1/+/n = 1.3490,
oa//m = 0.690 2/ /= 0.3559 oa/\/n = 0.1438

Uz

Figure 1: PCA of a dataset with n = 100 2D vectors with different configurations. The two
first singular values reflect how much energy is preserved by projecting onto the two first principal
components.

Once the data are centered, the energy of their projection onto different directions in the
ambient space reflects the variation of the dataset along those directions. PCA selects the
directions that maximize the ¢ norm of the projection and are mutually orthogonal. The
span of the first m principal components is the subspace the best approximates the data in
terms of /y-norm error, as established by the following theorem proved in Section of the
appendix.

Theorem 2.5. For any matriz X € R™F with left singular vectors ui,us, ..., u, corre-
sponding to the nonzero singular values o1 > 09 > ... > 0y,

k k
Z | |Pspan(u1,u2,...,un) -737,’ |; Z Z HPS -szg ) (8)
i=1 =1

for any subspace S of dimension m < min{n, k}.

Figure (1] illustrates PCA in 2D. Note how the singular values are proportional to the energy
that lies in the direction of the corresponding principal component.

Figure [2]illustrates the importance of centering before applying PCA. Theorem [2.5|still holds
if the data are not centered. However, the norm of the projection onto a certain direction
no longer reflects the variation of the data. In fact, if the data are concentrated around a
point that is far from the origin, the first principal component will tend be aligned in that
direction. This makes sense as projecting onto that direction captures more energy. As a
result, the principal components do not capture the directions of maximum variation within
the cloud of data.



02/+/n = 0.889

Uncentered data Centered data

Figure 2: PCA applied to n = 100 2D data points. On the left the data are not centered. As a
result the dominant principal component u; lies in the direction of the mean of the data and PCA
does not reflect the actual structure. Once we center, u; becomes aligned with the direction of
maximal variation.

The file seeds_dataset.trt contains different geometric attributes (area, perimeter, compact-
ness, length of kernel, width of kernel, asymmetry coefficient and length of kernel groove) of
seeds belonging to three different varieties of wheat: Kama, Rosa and Canadianﬂ. Figure
shows the projection of the data onto the first two and the last two principal components.
The structure of the data is much better conserved in the first case, which allows to visualize
the difference between the three seeds very clearly. Note however that the first principal
components only guarantee that the energy in the projection will be preserved, not that the
projection will be good for tasks such as classification.

2.2 Random projections

To apply PCA we need to process all of the data points beforehand in order to compute
the projection. This may be too computationally costly if the dataset is very large or not
possible at all if the aim is to project a stream of data in real time. For such cases we need a
non-adaptive alternative to PCA that chooses the projection before actually seeing the data.

A simple method that tends to work well is to project onto a random subspace. In particular,
if the data points are x1, xs,... € R", we can obtain a random projection by multiplying the

!The data can be found at https://archive.ics.uci.edu/ml/datasets/seeds
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Figure 3: Projection of 7-dimensional vectors describing different wheat seeds onto the first two
(left) and the last two (right) principal components of the dataset. Each color represents a variety
of wheat.
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Figure 4: Approximate projection of 7-dimensional vectors describing different wheat seeds onto
two random directions. Each color represents a variety of wheat.



data with a random matrix A € R™*" to obtain Ax, Az,, ... € R™. Strictly speaking, this is
a linear projection only if A is a projection matrix with orthonormal rows (U7 in Lemma.
However, in many cases the rows of random matrices are approximately orthogonal and
consequently this procedure yields an approximate projection.

Figure [ shows the result of applying such an approximate projection to the same data used
in Figure|3|onto two random directions by multiplying the data with a 2 x 7 random Gaussian
matrix. The structure of the data seems to be as well conserved by the projection as in the

case of PCA.

Dimensionality-reduction techniques are useful if they preserve the information that we are
interested in. In many cases, we would like the projection to conserve the distances between
the different data points. This allows to apply algorithms such as nearest neighbors in the
lower-dimensional space. The following lemma guarantees that random projections do not
distort the distances between points with a certain probability. The result is striking because
the lower bound on m~— the dimension of the approximate projection— does not depend on
n— the ambient dimension of the data— and its dependence on the number of points in the
dataset is only logarithmic. Although we prove the result for a matrix with Gaussian entries,
the result can be extended to other matrices that can be applied more efficiently [1].

Lemma 2.6 (Johnson-Lindenstrauss lemma). Let S := {xy,..., x5} in R™. There exists a
random function f such that for any pair of points x;, x;

(1= o) lzi = jlly < 1f (@) = £ (25)ll5 < 1+ ) i — a5, (9)

with probability at least % as long as

8log (k)
m > —62 . (1())
The random function is of the form
1
f(z) = —=Ax (11)

Jm

and A is a matriz with 1id Gaussian entries with zero mean and unit variance.

Proof. To establish the result we use the following proposition, proved in Section of
the appendix, which establishes that the norm of a fixed vector is preserved by the random
projection with high probability.

Proposition 2.7. Let f be defined as in Lemma[2.6, For any fized vector v € R™

2

P (1=l < 1 O < (140 0l) 2 1~ 2exp (-5 ). (12



We define the events
2 2 2 -, .
iy = {0 =) llwi —a5ll; < [If (@i —2)ll; < A+ o) |l —25lly}, i#5,1<ij <k
By Proposition [2.7 applied to v := x; — z; and condition (10)

P (&) < % (13)

There are (k) different pairs of points. The union bound yields

P (ﬂ gij> —1-P <U 5;;.) (14)
O s-Yr(e) (15

1 (’;) 2 (16)

> (17)

| =

where the last inequality follows from condition (10). This completes the proof. m

3 Compressed sensing

Compressed sensing allows to recover sparse signals from randomized measurements by min-
imizing their /; norm. In this section we first illustrate the application of these ideas to MRI
and then provide a theoretical analysis.

3.1 Compressed sensing in MRI

Magnetic resonance imaging (MRI) is a popular medical imaging technique used in radiology.
MRI data can be modeled as samples from the 2D or 3D Fourier transform of the object
that is being imaged, for example a slice of a human brain. An estimate of the corresponding
image can be obtained by computing the inverse Fourier transform of the data, as shown in

Figure 5

An important challenge in MRI is to reduce measurement time, which can be achieved by
undersampling the data. Consider a 1D version of the problem, where the signal is an n-
dimensional vector x and the DFT matrix is denoted by F. We model the undersampled
data y as

y=Fou, (18)



K-space (magnitude) K-space (log. of magnitude)

Figure 5: Image of a brain obtained by MRI, along with the magnitude of its 2D-Fourier or
k-space representation and the logarithm of this magnitude.

where F is a submatrix of F' obtained by choosing m rows indexed by the set 2. Since
m < n the system is underdetermined and has infinite solutions.

A possible estimate for the image is the solution z,, with minimum ¢, norm satisfying
y = Fqxp,. By Lemma 3.1 in Lecture Notes 4 this estimate equals

e, = FY (FoF3) ' x, (19)

where x is the original signal. Equivalently, z,, is the projection of x onto the row space of
Fq. This projection provides some insight as to the effect of different sampling strategies.
Figure [6] shows g, for two undersampling patterns in 2D: regular undersampling in one
direction and random undersampling. The corresponding artifacts are very different. Regular
undersampling produces coherent aliasing— the reconstruction is a superposition of shifted
copies of the image— whereas random undersampling produces aliasing that essentially looks
like noise.

MRI signals are sparse in different transform domains. For example, the brain image in
Figure [5] is sparse in the wavelet domain. This is good news if we are trying to recover
an image from undersampled data. We cannot estimate more than m parameters from m
measurements, so in principle it is hopeless to try to estimate an n-dimensional signal from
data given by [18] However, if the signal is sparse in some domain and can be parametrized
by s coefficients for instance, where s < m, then recovery may be possible.

As we discussed in the previous lecture, /1-norm minimization is an effective tool for obtaining
sparse solutions to underdetermined linear equations. Figure [7] shows the result of applying
{1-norm minimization to recover an image from the data corresponding to the images shown



Undersampling pattern Min. ¢s-norm estimate

Regular

Random

Figure 6: Two different sampling strategies in 2D k space: regular undersampling in one direction
(top) and random undersampling (bottom). The original data is the same as in Figure |5 On the
right we see the corresponding minimum-#s-norm estimate for each undersampling pattern.

Regular

Figure 7: Minimum-¢;-norm for the two undersampling patterns shown in Figure @



in Figure 0] Since the image is assumed to be sparse in the wavelet domain, we solve

minimize |||, (20)
subject to y = FoWeé (21)

where W is the matrix corresponding to an orthonormal wavelet transform. For regular
undersampling, then the estimate is essentially the same as the minimum-/,-norm estimate.
This is not surprising, since the minimum-¢,-norm estimate is also sparse in the wavelet
domain because it is equal to a superposition of two shifted copies of the image. In con-
trast, £1-norm minimization recovers the original image perfectly when coupled with random
projections. Intuitively, ¢;-norm minimization cleans up the noisy aliasing caused by ran-
dom undersampling. In the next section we provide a theoretical characterization of this
phenomenon.

3.2 Exact recovery

In our theoretical analysis we will focus on one-dimensional sparse signals, but most of the
ideas extend to the case where the signal is multidimensional or sparse in a transform domain
instead. The measurement model is given by

y = Ax (22)

where x € R” is the sparse signal which has s nonzeros, y € R™ the data and A € R™*"
the random matrix that models the measurement process. In MRI the rows of A are chosen
at random from a DFT matrix. Here we will mostly assume that the entries are sampled
independently at random from a Gaussian distribution. This model is not of great practical
interest because Gaussian measurements do not arise in applications and multiplication with
dense Gaussian matrices is computationally expensive. However, the Gaussian assumption
makes the proofs significantly simpler and allows to illustrate ideas that are readily applicable
to more useful cases such as random Fourier measurements.

Clearly, without any assumptions on x the underdetermined linear system cannot be
solved to retrieve x if m < n. It is necessary to use the sparsity assumption. If s < n and
the sparsity pattern 7' (the indices of the entries of x that are nonzero) is known, then the
problem is actually overdetermined. Indeed, let z7 be the subvector of nonzero entries of x
and Ar € R™*% the submatrix of A consisting of the columns indexed by 1. We have

y=Ax = Apxyp. (23)

Aslong as the columns of A7 are independent and m > s we can easily find the original vector
by applying any left inverse of Ar to the data. In particular, choosing the pseudoinverse,

Aly = (AFA7) " ALy =z (24)

10



Signal Spectrum (magnitude) Min. ¢;-norm estimate

Figure 8: Minimizing the ¢; norm of the estimate (right) allows to estimate the original signal
(left) exactly from a small number of random samples of its spectrum (center).

The bad news is that we don’t know 7! Trying every possible submatrix of s columns is
not feasible computationally for even very small values of s. Instead, we apply ¢; norm
minimization to favor sparse estimates. We recover x by solving the convex program

minimize  ||Z||, (25)
subject to y = Ax. (26)

Figure [§ shows an example where this procedure allows to reconstruct a sparse signal from
random Fourier data. The following theorem establishes that /;-norm minimization achieves
exact recovery of x with high probability as long as the number of measurements m is
proportional to the sparsity of the signal s up to logarithmic factors. The result is remarkable.
Random measurements allow to sample the signal at a rate that is essentially independent
of the ambient dimension and only depends on how compressible it is.

Theorem 3.1. Assume there exists a signal x € R™ with s nonzeros such that
Ar =y (27)

for a random matrix A € R™*™ with iid Gaussian entries with zero mean and unit variance.
The solution to Problem (106)) is equal to x with probability at least 1 — % as long as the
number of measurements satisfies

m > Cslogn, (28)

for a fixed numerical constant C'.

An important generalization of this result establishes that A can be formed by taking ran-
dom rows from any unitary matrix U € C"™*" (unitary is a fancy word for a matrix with
orthonormal columns). In that case, the number of measurements that are necessary for
exact recovery also depends on the coherence p of the measurements, defined as

p(U) == Vi max _ |Ug]. (29)

1<i<n,1<j<m

11




Intuitively the coherence measures how localized or spiky the rows of U are. If the rows are
too localized, they might miss entries in the sparse vector. Recall that we don’t know the
support T' beforehand, otherwise we would definitely use measurements that are localized on
T! Exact recovery via ¢;-norm minimization is achieved with high probability for this kind
of measurements if

m > Cu(U) slogn. (30)

We refer to [6] for a proof of this result (see also [4]). In the case of the DFT u = 1 since
the rows are complex exponentials divided by /n.

To prove Theorem we use the following result, which establishes that the existence of a
certain vector implies exact recovery. We defer the proof to Section in the appendix.

Lemma 3.2. Let T be the indices of the nonzero entries in x. If Ar is full rank and there
exists a vector v € R™ such that

(ATU>Z. = sign (z;) if x; #0 (31)
[(ATv),]| . <1 if v; =0 (32)
then x is the unique solution to Problem .

By this lemma, all we need to do to establish exact recovery is show that for any subset
T with cardinality s there exists a vector v such that ¢ := ATv is equal to the sign of x
on 7" and has magnitude strictly bounded by one on 7°. v is commonly known as a dual
certificate in the literature. The reason is that it certifies optimality and is feasible for the
dual problem of Problem , derived in Section of the appendix.

Lemma 3.3 (Dual problem). The dual problem to Problem (106)) is
maximize y’ o (33)
subject to HAT@HOO <1, (34)

where the dual variable v has dimension n.

The dual certificate is feasible for this problem and achieves a cost-function value of ||z||,,
since

yTv = 2T ATy (35)
= Z x; sign (z;) (36)

ieT
= [l=[l; - (37)

By weak duality (Corollary 4.8 in Lecture Notes 2) this implies that x is a solution to the
primal problem (note that this does not prove that it is the unique solution but Lemma
does). In the next section we will construct the dual certificate that establishes Theorem [3.1]

12



Figure 9: Subgradient g, := A%v, (blue) corresponding to the minimum-£3-norm dual certificate
vy, for a compressed-sensing problem with random Fourier measurements. ¢, interpolates the sign
of the signal (red) on its support.

3.3 Dual certificate

In this section we analyze a dual-certificate candidate and show that it satisfies the conditions
in Lemma and hence proves Theorem with high probability. In particular, we set vy,
to be the solution to the following minimization problem

minimize  ||9]], (38)
subject to  ALo = sign (27). (39)

In words, vy, is the minimum-fy-norm vector such that g, := ATv,, interpolates the sign of
2 on T. Ideally we would like to minimize the £,, norm of the subgradient A7v on T instead
of its 5 norm, but the former problem does not have a closed-form solution. From Lemma
3.1 in Lecture Notes 4 the solution to Problem (38)) is

v, = Ar (AR A7) sign (x7) (40)

as long as Ap is full rank. Having an explicit expression for the solution allows us to analyze
the construction for any arbitrary support and sign pattern. We will do this under the
assumption that the entries of the measurement matrix A are Gaussian, but this technique
has also been applied to Fourier [7] and other random measurements [4] (see also [6] for
a more recent proof technique based on approximate dual certificates that provides better
guarantees). Figure |§] shows ¢, for the case of random Fourier measurements.

To characterize vy, first we need to establish that A7 is full rank, since otherwise AL Az would
not have an inverse. The following proposition shows that the random matrix preserves the
norm of sparse vectors supported on a fixed set 7" with a certain probability. We defer the
proof to Section

13



Proposition 3.4. Fiz a set T C {1,2,...,n} such that |T| < s. For any unit-norm vector
x with support T

1
l—e<—||Az||, < 1+4e€ (41)

vm

2 (12) e (1), w

Setting € = 1/2 implies that the minimum singular value of Ar is lower bounded,

v (43

with probability at least

Omin (AT) Z

with probability at least 1 — exp (—CTm) for a certain constant C. This implies AL A7 is

invertible and consequently that condition is satisfied,

(i) = AL Ap (AT A7)~ sign (ar) (44)
= sign (z7) . (45)

All is left is to bound ¢y, on T°. We define
w = Ar (AEEAT)‘I sign (z7) . (46)

Since the entries of A are all independent, and w only depends on A7, it is independent of
any column of Are. This means that for each i € T°

(a0s); = AT Ar (A7 Ar) ™ sign (or) (47)
= Alw (48)
where A; and w are independent.

By , we can bound the norm of w

|Isign (z7)]l, s
LA L By 4
||w||2 — O min (AT) — m ( 9)
with probability 1 — exp (—CT"”)

Conditioned on w, A7 w is Gaussian with mean 0 and variance [|w||;. We have

P (|Afw| > 1w =w') <P (|u| > ;> (50)

||wl||2

<2 ! (51)
exp | — ,
S YT

where u has mean 0 and variance 1. We have applied the following deviation bound, proved

in Section of the appendix.
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Lemma 3.5. For a Gaussian random variable u with zero mean and unit variance and any
t>0

2
P ol > 0) < 20 (-5 ). (52)
Let us define the event
s
6:={||w||252\/%}. ()
(51) implies that
T m
p (|A2 w| > 1’5) < 2exp <_8_s> . (54)
As a result,
P (|ATw] 2 1) <P (|Afw] > 1]€) + P (£°) (55)
Cm m
< exp (_T> + 2exp <—§> : (56)

By the union bound,

P (U {|ATw| > 1}) <n (exp (—%TL) +2exp (—%)) . (57)

i€Te
We can consequently choose a constant C” so that if the number of measurements satisfies
m > C'slogn (58)

we have exact recovery with probability 1 — %

3.4 Bounds on singular values of random matrices

In this section we provide the proof of Proposition [3.4] which illustrates a useful method to
bound the action of a linear operator on a set of infinite cardinality. Let X7 be the set of
unit-norm vectors x with support 7'. By Proposition we have that for any fixed unit-norm
vector v

(1—6) < —[|Avll; < (1 +¢) (59)

meQ

8
want: the bounds must hold for all vectors in A7 and we cannot just apply the union bound
because the set has infinite cardinality. To overcome this obstacle, we first apply the union
bound on a subset of Xr called an e-net instead.

with probability 1 — 2exp (— This does not immediately imply the result that we

15



Definition 3.6 (Net). An e-net of a set X is a subset N, C X such that for every point
y € X there exists z € N for which

ly = 2ll; < e (60)

Definition 3.7 (Covering number). The covering number N (X,€) of a set X at scale €
s the minimal cardinality of an e-net of X, or equivalently the minimal number of balls of
radius € with centers in X required to cover X.

The following proposition, proved in Section of the appendix, provides a bound for the
covering number of the s-dimensional sphere S*71.

Proposition 3.8 (Covering number of a sphere). The covering number of the s-dimensional
sphere S~ at scale € satisfies

€

N (851¢) < (2“)5. (61)

It is not difficult to see that every vector 2’ € R™ with support 1" can be mapped to a vector
o/, € R® by choosing the entries in 7" and that ||2'||, = ||27||,. As a result, Proposition
provides a bound on the covering number of A7.

Corollary 3.9. If |T| < s, the covering number of Xr satisfies

N () < (5) (62)

€

Let €, :=¢/4 and €3 := €/2. Consider an e;-net N, of Xr. We define the event

2

k

2

Erer = {<1 =)l < HiAu <(+e) ||u|r§}. (63)

By Proposition and the union bound we have

Pl U €= PEL) (64)

uGMl UGN&I
< NP (€L, (65)

<9 (%)Sexp <—”;—;2) | (66)

Now, to finish the proof we need to show that the bound on the elements of the net can be
used to bound every other element. Let

O max (AT)

i =1+a (67)
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where op.x (A7) denotes the largest singular value of Ap. For all 2’ € Xy

1 1
—= 42l = <= [l4ra5 1, (63)
<l+a. (69)
For any o’ € Xp, there is a u € N (X, €;) such that ||2" — u||, < e/4. This implies
= 11471l < —= | Aull, + —= 14 = )| (70)
vm 2= ym 2 m 2
e (1+a)e
<l4+-+-—- 71
<l g+ (71)
Since by definition oyax (A7) is the smallest upper bound for the norm of ||Ara?||, = ||A2||,
such that ||2/||, = 1 (which holds because 2’ € Xr), we have
1
lta<i4tqLra)e (72)
2 4
so that
< <. 73
== (73)
The lower bound on the singular value follows immediately
1 1
\/—EHA% 2 \/—%(HAUHQ—HA(%—U)HQ) (74)
e (I+a)e
>1- & LTwe 75
- 2 4 (75)
e (1+ee
—1- £ LTYe 76
5 1 (76)
>1—e (77)

3.5 Robustness to noise

In the previous sections we have shown that ¢;-norm minimization allows to recover sparse
signals exactly with high probability in the absence of noise. In this section we consider
recovery from data that is perturbed by noise, as is usually the case in practice. In more
detail, given an s-sparse signal z € R" we have access to

y=Ax+ 2 (78)

where A € R™*" is a random matrix and z € R™ is an additive noise term. A necessary
condition for any recovery method to be stable is that A should preserve the energy of the
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sparse signal; if the signal is in the null space (or almost in the null space) of the measurement
operator then we cannot hope to reconstruct it in the presence of noise. A matrix that
satisfies the restricted isometry property (RIP) preserves the energy of any random vector;
it essentially behaves as an isometry when acting upon these class of vectors.

Definition 3.10 (Restricted isometry property). If a matriz M satisfies the restricted isom-
etry property with constant €, then for any s-sparse vector x

(1 =) [l < [IMlly < (14 €) [l], - (79)

The RIP guarantees that the problem of recovering sparse vectors from the corresponding
linear measurements is well posed. If M satisfies the RIP for a sparsity level 2s then there
cannot be two sparse vectors x; and x, that are very different and yet produce similar
measurements y; and s, since

2 —wlly = M (22 — 1) (80)
> (1 — eg4) ||zo — 1], - (81)

Gaussian matrices satisfy the restricted isometry property with high probability, as estab-
lished in the following theorem. Random Fourier measurements also satisfy the RIP [8}|11].

Theorem 3.11 (Restricted isometry property for Gaussian matrices). Let A € R™*" be a
random matrixz with wtd Gaussian entries with zero mean and unit variance. \/LHA satisfies

the restricted isometry property with a constant €5 with probability 1 — % as long as the
number of measurements

m> o (7) (52)

€

for two fized constants Cy,Coy > 0.

Proof. By Proposition we have that for a fixed support T,
1
\/—mHAtz < (L+ €[]zl (83)

for any x with support T" with probability at least

2 (12) e (1), &
()= ®

(1 =) [zl <

There are



possible supports so by the union bound the result holds with probability at least

eny\s (12\° me? n 12 me?
1—2(——) =) exp( -4 ) =1—exp bg2+ﬁ-?8bg<—)-%sbg =) -—=
S € 32 S € 2

Cy
<1l1-—— 86
<1-© (56)
for some constant Cy as long as m satisfies (82)). ]

The RIP not only establishes that the recovery problem is well posed at least in principle,
it also implies that /;-norm minimization achieves stable recovery in the presence of noise.
Let us assume that we know an upper bound for the /5 norm of the noise in model .
We can then relax the equality constraint in Problem to an inequality constraint that
takes into account the noise level.

minimize  ||Z||, (87)
subject to  ||AZ —yl|, < 0. (88)

If the RIP constant for a matrix is €53 < v/2 — 1 and x is s-sparse the solution z to the
relaxed problem satisfies

|12 —=]l, < Coo (89)
for a certain constant. In fact, even if the original vector = is not sparse the solution will
will satisfy
||z — @]y

NG

where z; contains the s entries of z with largest magnitude. We refer to [5] for the proof of
this result.

HJAI—LL’HQSC()EO—FC& (90)

4 Sampling

In this section we describe an application of compressed sensing to recovering signals that
have a sparse spectrum.

4.1 Nyquist-Shannon sampling theorem

Consider a bandlimited signal g € LLy ([0, 1]), which is bandlimited. Its spectrum is equal to
zero beyond a certain cut-off frequency f,

f

g(t):= Z c exp (i2mkt) . (91)

k=—f

19



Signal Spectrum Samples

Figure 10: Bandlimited signal (left), corresponding spectrum (center) and regular samples (right).

Our aim is to estimate the signal from samples taken at regular intervals ¢ (0), g (%), g (%),

.y g (”T’l), where the sampling rate is determined by n. Such situations arise when we
need to store an analog signal such as music or speech digitally. Two important questions
are:

1. What sampling rate is necessary to preserve all the information in the signal?

2. How can we reconstruct the original signal from the sample?

Figure shows an example of a bandlimited signal, its spectrum and the corresponding
samples.

In order to simplify notation we define

exp (—i2m (—f) 1)
exp (—i2m (—f + 1))
a_p.f () = 5 : (92)
exp (—i2w (f — 1))

exp (—i2m ft)

We can now easily express g in terms of a_s.; and the vector of Fourier coefficients c,

/
g(t):= Z cpexp (i2kt) = a_yp.p ()" c. (93)
f—;
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For a fixed sampling rate the samples provide a system of n linear equations

a—r.r(0)° g9(0)

~—
*
Q
—~
~—

(94)

Sho 3=
SN—"

:
Fe=| gy (2) |e=

s
—

larg (1) g(2=1)

Since there are 2f + 1 unknowns we need n > 2f 4+ 1 to guarantee that the linear system
has a unique solution. Setting n = 2f + 1, we can check that the vectors

;%;af#(mafiﬁaﬂf(%>a~-f§%aﬁf(n;;l) (95)

form an orthonormal basis (they actually form a DFT matrix!), so applying the adjoint
matrix allows to invert the system

Q
—
~—

1
c=—FFc=-F (96)
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In order to interpret this linear inversion in traditional signal processing terms, let us define
the periodized sinc or Dirichlet kernel

f
Dy (t) := % D ek (97)
—
_ sin (7nt)
~ nsin (nt)’ (%8)

A plot of this function is shown in Figure [II} We can easily express the result of shifting D
by 7 in terms of a_y.;

!
1 )
Dy(t—r1)=— % e (99)
k=—f
1 .
= —a-py (1) a-ps (7). (100)
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Figure 11: Periodized sinc or Dirichlet kernel.

This allows us to establish that obtaining the Fourier coefficients through linear inversion
and then using them to reconstruct the signal is equivalent to interpolation with shifted sinc
functions, as sketched in Figure [12]

g(t) =a—y; (1) c (101)

_ %ég (%) a_ () a_y (%) by (95) (102)

oo (-2) (109

We conclude that the sampling rate should be twice the cut-off frequency and that recon-
struction can be carried out by interpolating the samples with a sinc function. This is known
as the Nyquist-Shannon sampling theorem.

4.2 Compressive sampling

We now consider the problem of sampling a signal g € L, ([0, 1]) with a sparse spectrum
g(t):= Z cr exp (i2mkt) (104)
keS

and then recovering it from its samples. The signal consists of s frequency components and
has a cut-off frequency of f. According to the Shannon-Nyquist sampling theorem, we need
2f 4+ 1 samples in order to preserve the information in the signal and recover it applying
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Figure 12: Reconstruction via linear inversion is equivalent to interpolation with a sinc function.

sinc interpolation. In contrast, compressed sensing theory implies that recovery via ¢;-norm
minimization is possible from O (slog (2f + 1)) randomized samples of the form

Foe=| ayr(3 c=1 gf2) | == va, (105)

o ()] 95
where 2 is a random subset of {1,2,...,2f + 1}. In detail, we can estimate the Fourier
coefficients ¢ by solving
minimize |||, (106)
subject to  yq = F5¢ (107)

and then reconstruct g using . If s < 2f + 1 this procedure allows to reduce the number
of measurements significantly with respect to traditional Nyquist sampling. Figure [13|shows
an example which compares the two sampling schemes.

References
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Signal Spectrum

Linear estimate Compressive sampling

Figure 13: Example showing the samples that are necessary to recover a signal (top left) with
a sparse spectrum (top right). Compressive sampling (bottom right) requires significantly less
samples than traditional Nyquist sampling (bottom left).
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A  Proofs

A.1 Proof of Lemma 2.2

x — UU”Tx is orthogonal to any vector y := Uc € S since

y'(x —UUz) = U e — TUTUU 2
=cUTe - AUz

By Pythagoras’s theorem this implies

e —yl2 = || — UUTz + UU 2 — ||}
= ||z = UU" ||, + [|[UUTz — ],

which is minimized by y = UU .

A.2 Proof of Theorem 2.5

We will need the following lemma, proved in Section [A.3]

Lemma A.1. For any matriz X € R™* where k > n, with left singular vectors uy, us, . . .

corresponding to the nonzero singular values oy > 09 > ... > 0y,

01 = max HXTu| 5
llully=1
_ T
u; = arg max HX uHQ,
[lully=1

Om =  Mmax HXT“H27 2<m<n,
[lully=1
ul g, Um—1

Uy, = arg  max HXTuHQ, 2<m <n.
[[ully=1
UL Ug,eeUm—1

(108)
(109)
(110)

(111)
(112)

7un

(113)
(114)

(115)

(116)

We will prove the result by induction on m. The base case m = 1 follows immediately
from (114). To complete the proof we need to show that if the result is true for m —1 > 1

(the induction hypothesis) then it also holds for m.

Let S be an arbitrary subspace of dimension m. We choose an orthonormal basis for the
subspace by, b, . . ., b,, such that b,, is orthogonal to u, us, ..., u,,_1. Note that such a vector

must exist because otherwise S cannot have dimension m.
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By the induction hypothesis,

m—1 k
SONXwilly = D (| Peoantan a0 i[5 (117)
=1 =1
b 2
> Z ‘ ’Pspan(bl,bg,...,bm_l) ZE,‘ }2 (118)
-
=Y | X702 (119)
=1
By
S | Papsntuny i[5 = || X ]| (120)
=1
> || XTby[5 - (121)

Combining (119) and (121) we conclude

k m
Z | }Pspan(ul,ug,..,,um) $7,‘ |; = Z ‘ |XTU2| }z (122)

=1 =1
>3 [1XTh; (123)

=1

k
> 3 |1Ps il (124)

i=1

A.3 Proof of Lemma [A.1l

The left singular vectors are an orthonormal basis of R", so we can represent any unit-norm
vector h,, that is orthogonal to w,,, ..., Uy,_1 as

he =) o (125)
where
1hmlls = a7 = 1. (126)

Note that h; is just an arbitrary unit-norm vector.
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Now we have

n n 2
Xl =3 (z ) (127)
i=1 j=m

= Z aia? because 1, ..., U, is an orthonormal basis (128)
=m
n
<o, Za? because o, > o1 > ... > 0y (129)

=0y by (126). (130)
This establishes (113]) and (115). To prove (114) and (116 we just need to show that wu,,

achieves the maximum

n

[1X ][y = D0 (] )" (131)

=1

= o (132)

A.4 Proof of Proposition

The proof relies on the following concentration bounds for y? or chi-square random variables,
proved in Section of the appendix.

Proposition A.2 (Tail bound for chi-square random variables). Let Z be a x? or chi-square
random variable with m degrees of freedom, i.e.

Z=> X} (133)
=1

where Xy, ..., X,, are independent Gaussian random variables with zero mean and unit vari-
ance. For any e > 0 we have

P(Z>m(1+¢)<exp (—%63 , (134)
P(Z<m(l—¢)<exp (—#) . (135)

Let a; := vT A; where A; is the ith row of A and hence an n-dimensional random vector with
zero mean and covariance matrix equal to the identity /. a; is a Gaussian random variable
with zero mean and variance ||v||5. This follows from the following well-known lemma (we
omit the proof).
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Lemma A.3 (Linear transformation of a Gaussian vector). Let M € Rm xn. If an
n-dimensional Gaussian vector v has mean p and covariance matrix >, Mwv is an m-
dimensional Gaussian vector with mean M and covariance matriz MY MT.

As a result, we have that

A 2
7= Al (136)
HUHQ
a2
Z (137)
P ||"U||2
is a chi-square random variable with m degrees of freedom. Let us define the events
Ev= Al @)lly > T+ ) [[olly} (138)
=A{llf @)y < @ =) [[vl]5}- (139)
Inequalities ((134) and (135 applied to Z imply
P(E)=P(Z>m(l+¢)?) (140)
2
< exp <—%) , (141)
P(&)=P(Z<m(l—¢)? (142)
2
< exp (—%) . (143)
By the union bound
P& U&E) < P(&)+ P(&) (144)
2
< 2exp (—%) . (145)

A.5 Proof of Proposition

Proof of (134) The concentration bound is established by applying Markov’s inequality after
exponentiation, as is commonly done to prove Chernoff bounds.

Proposition A.4 (Markov’s inequality). Let X be a nonnegative random variable. For any
positive constant a > 0,

(146)
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Markov’s inequality is proved in Section below. Let ¢ > 0 be an arbitrary positive
number, we have

P(Z >a) = P(exp(tZ) > exp (at)) (147)
< exp(—at) E(exp (tZ)) by Markov’s inequality (148)
<exp(—at) E (exp (Z tXf)) (149)

i=1
< exp (—at) H E (exp (tXf)) by independence of X1, ..., X,,. (150)

i=1

Some calculus yields

E (exp (tX2)) = \/L_ /OO exp (—U—Q) exp (tuQ) du (151)
(1 —2t) u?
\/ﬁ/ exp ( T) du (152)
\/TQt / exp ( ) dv change of variables v = (2 —t) u
m (153)
Combining (150) and (153)),
P(Z>a)< %. (154)
Setting
1 1
R L (155)
a:=m(l+e) (156)
we have
P(Z>m(1+e)<(1+em2exp (—%) (157)
— exp (—% (e —log (1 + e))) . (158)

The function g (z) := x — % —log (1 + z) is nonnegative between 0 and 1 (the derivative is
nonnegative and g (0) = 0). This implies

P(Z>m(1+e¢) <exp (—%62) : (159)
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Proof of (|135))
A very similar argument to the one that yields (150]) gives

P(Z <d)=P(exp(—t'Z) > exp (—d't")) (160)

<exp(a't) []E (exp (—t'X7)). (161)

i=1

Setting ¢’ =t in (153]), we have

1
E —t'X?)) = ——. 162
o (%)) = 162
This implies
14/
Pz <a) < 2000 (163)
(14 2t)>
Setting
1 1
o _ 164
! 2 21 —e (164)
a:=m(l—¢e) (165)
we have
P(Z<m(l—e)<(1—e%exp (%) (166)
= exp (—% (—e —log (1 — e))) : (167)
The function h (z) := —x — %2 —log (1 — x) is nonnegative between 0 and 1 (the derivative
is nonnegative and g (0) = 0). We conclude that
2
P(Z<m(l—¢)) <exp (_mTe) . (168)
A.6 Proof of Lemma (3.2
Note that
q:= ATy (169)
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is a subgradient of the ¢; norm at x by Proposition 3.5 in Lecture Notes 2. For any feasible
vector T, h := x — ¥ satisfies Ah = 0. Since ¢ is a subgradient at x we immediately have

[1z][y = |l + Al], (170)
> [[ally +q"h (171)
= ||2||, +vT AR (172)
= [ll, (173)

This proves that x is a solution but not that it is the only solution. For this we need to use
the strict inequality and the assumption that Ar is full rank. If As is full rank then
hre # 0 unless h = 0 because otherwise hy would be a nonzero vector in the null space of

Ar. This together with implies

\|hre|l, > " hoe. (174)

Let Pr (-) denote a projection that sets to zero all entries of a vector except the ones indexed
by T. We have

Z||, = |z + Pr (R)||; + ||Pre||, because z is supported on T (175)
> lally + " Pr (h) +q"Pre (h) by (176)
= [lz|l, +¢"h (177)
= [l - (178)

Since this holds for any arbitrary feasible vector & we conclude that x must be the unique
solution.

A.7 Proof of Lemma [3.3

The Lagrangian is equal to
L(z,0) = [all, + " (y — A7) (179)
— |7, — (A"5)" & + " 5. (180)
To obtain the Lagrange dual function we minimize with respect to z,

yTo if ||ATo|| <1,

—o00 otherwise.

min £ (Z,7) = { (181)

The dual problem consists of maximizing this Lagrange dual function.
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A.8 Proof of Proposition |3.8

We construct an e covering set N, C S*~! recursively:

e We initialize N, to the empty set.
e We choose a point z € S*~! such that ||z — y||, > € for any y € C. We add z to N,

until there are no points in S*~! that are € away from any point in N,.

This algorithm necessarily ends in a finite number of steps because the n-dimensional sphere
is compact (otherwise we would have an infinite sequence such that no subsequence con-
verges).

Now, let us consider the balls of radius €/2 centered at each of the points in M. These balls
do not intersect since their centers are at least € apart and they are all inside the ball of
radius 1 + €/2 centered at the origin because C C S*~ 1. This means that

Vol (Bi /5 (0)) > Vol (Upen. BSjs (1)) (182)
= |Ne| Vol (B2, (0)) (183)

where B? () is the ball of radius r centered at x. By multivariable calculus
Vol (B: (0)) = r* Vol (B; (0)), (184)
SO implies
(14€¢/2)° = [Nel (¢/2)". (185)

A.9 Proof of Lemma [3.5]

By symmetry of the Gaussian probability density function, we just need to bound the prob-
ability that u > ¢t. Applying Markov’s inequality (see Proposition [A.4)) we have

P (u>t) =P (exp (ut) > exp (¢%)) (186)
< E (exp (ut — t*)) (187)

— exp (—g) \/% /_Z exp (—(“ > t>2> du (188)
= exp (-?) . (189)
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A.10 Proof of Proposition

Consider the indicator variable 1y>,. Clearly the random variable

X —alxs, > 0. (190)
So in particular its expectation is non-negative (as it is the sum or integral of a non-negative

quantity over the positive real line). By linearity of expectation and the fact that 1x>, is a
Bernoulli random variable with expectation P (X > a) we have

E(X)>aE(1xs,) =aP (X >a). (191)
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Lecture notes 6 March 21, 2016

Super-resolution

1 Super-resolution of point sources

The word super-resolution has different meanings in different disciplines. In optics it is
usually used to describe data-acquisition techniques designed to overcome the diffraction
limit [§]. In image-processing and computer-vision applications the term tends to refer to the
problem of obtaining a high-resolution image either from several low-resolution images [10]
or by upsampling a single image while preserving its edges and hallucinating textures in a
reasonable way [5]. In this lecture, super-resolution denotes the inverse problem of estimating
a signal from low-pass measurements. In contrast to the previous definitions, we assume that
the data-acquisition mechanism is fized and we aim to recover rather than hallucinate the
lost high-resolution information.

1.1 Spatial super-resolution

As Lord Rayleigh pointed out in his seminal 1891 paper On Pin-hole Photography, it has
long been known that the resolving power of lenses, however perfect, is limited. Diffraction
imposes an inflexible limit on the resolution of any optical system. However we are often in-
terested in information that is only apparent beyond this limit. For instance, in microscopy,
astronomy or medical imaging it may be challenging to discern cellular structures, celestial
bodies or incipient tumors from the available data. This is illustrated by the image on the
left of Figure [1, which shows measurements of the interior of a cell obtained by fluorescence
microscopy. The limited resolution of the microscope produces aliasing artifacts that com-
pletely obscure the fine-scale details of the image. The aim of super-resolution is to uncover
such fine-scale structure from coarse-scale measurements.

Let x be a high-resolution representation of an object of interest. Mathematically, a reason-
able model for the data in many of the applications mentioned in the previous paragraph
is

TLR = @ * . (1)

The signal x is convolved with a low-pass point spread function (PSF) ¢ that depends on
the sensing mechanism. This convolution smooths out the fine-scale details producing a low-
resolution version of the original signal. The aim of spatial super-resolution is to estimate
x from xR, a problem which is often also referred to as deconvolution. Recovering the lost
fine-scale information amounts to extrapolating the spectrum of x. This becomes apparent



Data Super-resolved image

ool

Figure 1: An example of super-resolution applied to cell imaging using fluorescence microscopy
data. In both images a superposition of a sequence of frames is shown. The data on the left are
contaminated by noise and heavy aliasing. Super-resolving the probes reveals the fine-scale details
of the cell, as we can see on the right. The image is due to Veniamin Morgenshtern.

when we consider the measurement process in the frequency domain. If the cut-off frequency
of the PSF is equal to f., the spectrum of xpr

TLR = ¢ T = ¢ H[ffc,fc]d 57\7 (2)

where d is the ambient dimension,” denotes the frequency representation of a signal and
H[f fouf)d 1S an indicator function that is zero out of the set [—f, fc]d. The high frequency
information in the signal is suppressed in the data. Super-resolution aims to extrapolate this
information from the low-pass measurements.

In order to super-resolve a signal it is necessary to leverage some prior knowledge about its
structure. Otherwise the problem is hopelessly ill posed; the missing spectrum can be filled
in arbitrarily to produce estimates that correspond to the data. In this lecture we consider
signals that are well modeled as superpositions of point sources,

x = Z cj0y,, (3)
t; €T

where ¢, is a Dirac measure at 7, T'is a set of locations in the unit interval and the amplitudes
a; may be complex valued. In this case, the low-resolution data are of the form

xR (t) == @ x x (¢) (4)
= ot —t;), (5)



as illustrated at the top of Figure [2]

Point sources are used to represent celestial bodies in astronomy, neuron spikes in neuro-
science or line spectra in signal processing and spectroscopy. In addition, locating pointwise
fluorescent probes is a crucial step in some optical super-resolution procedures capable of han-
dling more complicated objects. Techniques such as photoactivated localization microscopy
(PALM) or stochastic optical reconstruction microscopy (STORM) are based on localizing
probes that switch randomly between a fluorescent and a non-fluorescent state. To obtain
an image of a certain object, multiple frames are gathered. Each frame consists of a su-
perposition of blurred light sources that correspond to the active probes. Deblurring these
sources and combining the results allows to super-resolve the object of interest. The image
to the right of Figure [1| was generated in this way.

An additional assumption that we make in this lecture is that the PSF of the sensing mech-
anism is known. This is usually a realistic assumption in point-source super-resolution as
long as the measurement process is indeed space-invariant. In such cases the PSF can be
estimated by locating an isolated blurred source in the data. For general images or PSF's
that are not low pass, which arise for instance due to motion blurring, it is necessary to
jointly estimate the PSF and the signal; a problem known as blind deconvolution which we
will not discuss here.

An important instance of the model given by (3]) and (4]) is when the signal is one dimensional
and the Fourier transform of the PSF ¢ is constant over [—f,, f.], i.e. ¢ is a periodized sinc
or Dirichlet kernel. In this case, since the support of xpr is restricted to the unit interval,
it follows from the sampling theorem that its spectrum is completely determined by the
discrete samples

yi = T (k) (6)
:/ exp (—i2rkt) z(dt) (7)
0
= Z C; €XP (—227Tktj), ke Z, ’k’ S f07 (8)
t;eT

where we assume for simplicity that f. is an integer. In a more compact form,
y=F,T 9)

where y € C" and F,, is the linear operator that maps a measure or function to its lowest
n = 2f.+ 1 Fourier coefficients.
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Figure 2: Schematic illustration of spatial and spectral super-resolution.



1.2 Spectral super-resolution

A basic problem in signal processing is to estimate the spectrum of a multisinusoidal signal

g(t):= Z cjexp (—i2m f;t) (10)

ijT

from a finite number of samples. The corresponding spectrum of the signal is of the form

7= ¢y, (11)

fj eT

Spectra that are composed of a superposition of Dirac measures are called line spectra.
Estimating line spectra is important for direction-of-arrival (DOA) problems in radar where
the aim is to determine the direction from which a propagating wave arrives at an array of
Sensors.

Let us assume that the spectrum of g is restricted to the interval [—1/2,1/2]. This means
that its cut-off frequency is f = 1/2. Regular samples taken at the rate dictated by the
Nyquist-Shannon theorem 2f =1

g (k)= Z cjexp (—i2nkf;), oo < k < oo, (12)

fi€T
suffice to recover g. Indeed, these samples g (k) are the Fourier coefficients of g!

Unfortunately, in most practical situations we only have access to a finite number of samples.
Truncating the measurements in the time domain is equivalent to convolving the spectrum of
the signal with a periodized sinc. This induces aliasing in the frequency domain as depicted
in the lower half of Figure [2| Spectral super-resolution is the problem of estimating the line
spectra of g from such measurements. This exactly equivalent to the spatial super-resolution
in 1D where the PSF is a sinc. Indeed, g is a superposition of Dirac measures just like x and
the measurements are a contiguous subset of the Fourier coefficients of the measure.

1.3 Deconvolution in reflection seismography

Characterizing underground geological structure, such as the strata portrayed in Figure [3]
from surface measurements is an important problem in geophysics. Reflection seismology is
a technique to achieve this by sending pulses into the ground and analyzing the reflected
signals. Figure [4] provides a cartoon description of the problem. The reflections at the
interface between two strata are governed by a reflection coefficient that corresponds to the
difference between the impedance of the two layers. Estimating the reflection coefficients and
their positions from the reflected pulse allows to determine the composition of the different
strata.



Figure 3: Geological strata in Salta, Argentina.
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Figure 4: Cartoon description of reflection seismology.
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Figure 5: Simplified model for a seismography problem where the aim is to estimate reflection
coefficients from bandpass measurements.

A simplified mathematical model of the measurement process is that the data are equal to
the convolution of the pulse ¢ and the reflection coefficients =z,

y=¢*x (13)

where the reflection coefficients can be modeled as a superposition of Dirac measures,

x = Z C;j0y,. (14)

t]‘ET

The spectrum of pulses used in reflection seismology is often approximately bandpass; it is
mostly concentrated in a certain band of frequencies. If we model the pulse as being exactly
bandpass, then the spectrum of the data corresponds to a contiguous subset of Fourier
coefficients of z, or two contiguous subsets if we consider real bandpass filters as illustrated
in Figure 5] The problem is consequently very similar to the simplified models for spatial
and spectral super-resolution introduced in the previous sections.

2 Conditioning of the super-resolution problem

In this section we analyze the conditioning of the super-resolution problem when the signal
is equal to a superposition of Dirac measures and the data are equal to the first n low-pass
Fourier coefficients

y=JF,x. (15)



Figure 6: Illustration of the minimum separation of a signal.

As we discussed in the previous lecture, a fundamental insight in the theoretical analysis of
compressed sensing is that random measurements conserve the energy of sparse signals with
high probability. More specifically, the randomized operator obeys the restricted-isometry
property (RIP). This ensures that the inverse problem of sparse recovery from random mea-
surements is well posed at least in principle.

In contrast, sparsity is not enough to make super-resolution a well posed problem. The crucial
difference between super-resolution and compressed sensing is the correlation structure of
the measurement process. The sensing operator F. defined by can be interpreted as
an infinite matrix with n rows and infinite columns parametrized by t € [0,1]. Each of
the columns is a sinusoidal atom of the form exp 2wkt for —f. < k < f.. If the difference
between t; and ¢ is small, the corresponding columns

exp —127 f .t exp —127 f.to
exp —2m (f.— 1)t exp —2m (f.— 1)t
(Fa)yy = Ue= D) (7)), = (o= D)t

1 . 2 .

(16)

exp 127 f .t exp 127 f.to

are extremely correlated. As a result, the measurement process does not even satisfy the RIP
with sparsity level equal to two! In this case, we cannot recover a 1-sparse signal reliably in
the presence of noise. However, if the difference between t; and 5 is large then the atoms are
not too correlated. In fact, as we shall demonstrate numerically in a moment, submatrices
corresponding to columns that are spread out are well conditioned. This suggests restricting
the class of signals of interest to signals that have a support that is not too clustered. To
this end, we define the minimum separation of the support T of a signal. The concept is
illustrated in Figure [6]

Definition 2.1 (Minimum separation). For a set of points T C [0, 1], the minimum separa-
tion (or minimum distance) is defined as the closest distance between any two elements from



A(T)= inf [t —t|. (17)

(t,t)ET t£t!

In order to determine how the linear operator JF,, acts upon signals with supports that satisfy
a certain minimum separation, we compute the singular values of the submatrix formed by
the corresponding columns. Figure [7| shows the results. For minimum separations above
0.5/ f. the submatrices are very well conditioned, but as soon as the minimum separation
falls below 0.5/f, some of the singular values of the operator plummet. Below 0.35/f, a
fourth of the singular values are extremely small. Below 0.2/f. the magnitude of half of
them is negligeable. The effect becomes more pronounced as the cardinality s of the support
of the signal increases.

Note that signals in the span of the singular vectors that correspond to very small singular
values in Figure |8 are essentially mapped to zero by the low-resolution operator. These
signals are consequently almost in the null space of the measurements: they are impossible to
estimate under very small perturbations to the data even if we know the support beforehand.
As a result, a fundamental limit for signal recovery in terms of the minimum separation is
1/ f., the inverse of the cut-off frequency (it also corresponds to the width of the main lobe
of the point-spread function ¢, when the PSF is a sinc). To see why, consider two signals z;
and xs with a minimum separation just below 1/f, such their difference d := x; — x5 has a
minimum separation under 0.5/ f.. From Figure |f] we can choose d so that

]—'nd:]:nxl—.?nmgz(l (18)

Even under very low levels of noise it will be impossible to distinguish x; and s; from low-
resolution data. Figure [ illustrates this: the measurements corresponding to two signals
with disjoint supports and a minimum distance of 0.9\, for f. = 10% are indeed almost
indistinguishable. The phenomenon can be characterized theoretically in an asymptotic
setting using Slepian’s prolate-spheroidal sequences [12] (see also Section 3.2 in [2]). More
recently, [9] (see Theorem 1.3) provides a non-asymptotic analysis.

The take-home lesson is that we can only hope to achieve stable super-resolution of signals
with a minimum separation above 0.5/ f. if the signal consists of a large number of point
sources. For signals with a small number of point sources, robust recovery may be possible
below that limit. However, even for very small supports, the problem is always hopelessly
ill posed for a small enough value of the minimum distance.

3 Linear methods

In this section we describe some simple linear techniques to tackle the super-resolution
problem.
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A(T) = 0.9f. when f. = 103 (top left) and their spectrum (top right). Their difference (center left)
has a spectrum that is concentrated away for the low-pass band between — f,. and f. (center right).
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3.1 The periodogram

As explained in Section in the spectral super-resolution problem the data correspond
to a contiguous subset of the Fourier coefficients of the signal

y=JF,x. (19)

If x corresponds to a superposition of line spectra, this is equivalent to convolving the sparse
spectrum with a periodized sinc function. The periodogram recovers this representation
by applying the adjoint of the measurement operator F, to the data. This is essentially
equivalent to projecting the data onto the signal space.

P(t)=Fy (20)
fe
= > y(k)exp (i2mkt) (21)
k=—fc
fe

= Z Z cjexp (i2mkt;) | exp (i27kt) (22)

k=—fc \t;€T

fe
= Z ¢ Z exp (127k (t — t;)) (23)

;€T k=—Ffe

=Y D (t—t;), (24)

t; €T

where Dy, is the periodized sinc or Dirichlet kernel

Dy, (t) fz (i2mkt) {1 =0 (25)
fe = exp (227 = Q sin((2fut1)n) _
PR @fotDsm@n Otherwise .

Just to clarify, in most applications that use the periodogram ¢ would index the frequency
domain, not the time domain, but we keep this notation for the sake of consistency. Also, f.
no longer has a physical meaning (beyond determining the number of time-domain samples)
in contrast to spatial super-resolution where it represents the cut-off frequency of the sensing
mechanism.

Computing the periodogram does not solve the super-resolution problem, it just allows to
visualize the aliased spectrum corresponding to the data samples available in spectral super-
resolution. If the line spectra of the signal are far apart, a straightforward way to estimate
their location is to locate local maxima of P. The problem with this approach is that the
side lobes corresponding to large blurred spikes may mask the presence of smaller spikes. As
a result, the periodogram is not very useful if the spikes are not far enough from each other
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—— Data — Window function
—— Windowed data

— Signal (magnitude)
—— Periodogram

—— Signal (magnitude)
—— Windowed periodogram

PV,

Figure 9: Example of data in spectral super-resolution generated according to @ before (top left)
and after applying a window function (top right). No noise is added to the data. Below we can
see the periodogram (center) and windowed periodogram (bottom) computed from the data. The
scaling of the periodograms is set so that both the large and small peaks can be seen on the plot.
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or if their amplitudes differ substantially, even if no noise is present in the data. The image
at the center of Figure [J illustrates this: detecting some of the lower-amplitude spikes from
the periodogram is impossible.

In order to alleviate this problem one can apply a window function w € C™ to the data
before computing the periodogram,

where - denotes pointwise multiplication. The windowed periodogram
Pa(f) = Fova (27)
=) quw(t—t;), (28)
t;eT

where w denotes the inverse Fourier transform of the window function. Ideally, w should be
as spiky as possible to make it easier to locate the support of the signal from the windowed
periodogram. However, this is challenging due to the constraint that @ has finite support
and hence w is a low-pass function.

In the image on the top right of Figure [9] we apply a Gaussian window to the data. To be
more precise, we set @ to be a truncated Gaussian, so that w is equal to the convolution
between a periodized sinc and a periodized Gaussian. The resulting periodogram, shown at
the center of Figure 9] has much less spectral leakage from the largest signal components,
due to the fact that the Gaussian window has lower side lobes than the periodized sinc.
However, the latter is spikier at the origin, which allows to better distinguish neighboring
spikes with similar amplitudes. In general, designing an adequate window implies finding
a good tradeoff between the width of the main lobe and the height of the side lobes. We
refer the reader to [6] for a detailed account of design considerations and types of window
function. As discussed in Lecture Notes 4, windowing is also important when computing
short-time Fourier transforms.

Figure [10] compares the result of applying the periodogram and the windowed periodogram
to noisy data from two signals with different minimum separations. The signal-to-noise ratio
is 20 dB (equivalently the ratio between the ¢;-norm of the signal and the noise is equal to
10). When the minimum separation is large the windowed periodogram provides a relatively
good estimate of the number of point sources, although their locations do not exactly coincide
with the local maxima for some of the spikes. Without windowing, the periodogram provides
sharper localization but suffers from spurious spikes produced by the side lobes of the sinc
function. When the minimum separation is small, it is impossible to super-resolve many of
the spikes, which is not surprising: the problem becomes very ill-conditioned as discussed in
Section 2|

To conclude, the periodogram is a useful method to obtain a general idea of the spectral
structure of the signal and can provide insight as to the number of sources and their approx-
imate location, especially if the data is processed with a suitable window function and the

14
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Figure 10: Periodogram (left) and windowed periodogram (right) for two signals with identical
amplitudes but different minimum separations.
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support of the signal is not too clustered together. However, the method does not provide a
precise estimate of the support even in the absence of noise. This is the aim of the techniques
described in the following sections.

3.2 Local fitting

If we have low-resolution measurements of the form and the signal consists of a single
blurred source then

iR (t) == 10 (t —t1). (29)

In this case, it seems reasonable to estimate the location of the source by fitting the shifted
PSF to the data, for instance, by minimizing a least-squares cost function. For a single
source, performing a least-squares fit amounts to finding the shift that maximizes the inner
product between the data and the PSF ¢ shifted by #, which is denoted by ¢;. Let us assume
that zpr and ¢; are in Ly and that ||¢g|,, = 1. For a fixed { the best coefficient is obtained
by projecting x1r onto ¢;

(zLR, ¢) = arg tmlel(lc [|zLr — a o], - (30)

As a result, choosing the first shift is equivalent to maximizing the inner product
test = argminmin ||z r — a ¢,
i aeC
= arg mijn ||xLR - <17LR7 ¢E> ¢£||2
= arg mgn —2 |<«TLR7 ¢£> |2

= argmax (xR, 01)| - (31)

This procedure is known as matched filtering in the signal-processing literature.

When more than one point source is present, the overlap between neighboring blurred sources
may be negligible if the sources are far enough with respect to the decay of the PSF. In this
case, one can just fit the PSF locally to each of them. The approach is essentially equivalent
to applying matching pursuit (Algorithm 3.2 in Lecture Notes 4) with a dictionary of shifted
copies of ¢. This method is quite popular in fluorescence microscopy. However, if there is
interference between the blurred sources, then the problem becomes much more challenging.
As a result, in fluorescence microscopy the data is usually measured at a rate that ensures
a certain separation between the active fluorophores.
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4 Parametric methods for spectral super-resolution

In this section we review parametric methods for spectral super-resolution based on Prony’s
method. These algorithms take the number of line spectra of the original signal as input
and return an estimate of their location. As in our description of the periodogram, we use
the variable t to denote frequency for the sake of consistency with other sections.

4.1 Prony’s method

Prony’s method solves the spectral super-resolution problem by encoding the position of s
sources T = {t1,...,ts} as the zeros of a trigonometric polynomial of order s. In the absence
of noise, it turns out that we can always find such a polynomial and achieve perfect spectral
super-resolution by locating its roots.

We consider a signal x

T = Z cj0y,, (32)
t;eT
and data that correspond to the n first Fourier coefficients of x
yr =2 (k), 0<k<n-1. (33)
If we set n :=2f. + 1, this model is essentially equivalent to ().

The following lemma shows that for any x of the form there exists a nonzero polynomial
of order s which is exactly zero on the support of the x.

Lemma 4.1 (Existence of Prony polynomial). Assume that x is as in and |T| = s, then

s

Porony (1) = T (1 = exp (i2n(t — 1,))) (34)

j=1

=1+ Zvl exp (i2wlt), vy :=1, (35)

=1

is a nonzero polynomial of order s with roots located exactly on T'.

Proof. Since vyp = 1 the polynomial is nonzero. By construction Ppony(t;) = 0 for every
t;eT. m

If we are able to compute such a polynomial, then finding its roots immediately reveals the
support of . The problem is how to compute Pyony, from the available data y. Prony’s
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method consists of setting up a system of linear equations that only depends on y such that
the solution is equal to the coefficients of Fyony-

Since Ppyrony is zero wherever x is nonzero, the inner product of  and P,,ony is equal to zero,

Py 3) = | Prnny ()70 (36)
= ¢ exp (—i2mlt;) (1 —exp (27 (t; — t;))) (37)
—0. (38)

By Parseval’s Theorem this inner product equals the inner product between the Fourier
coefficients of  and Ppony Which implies

(v,7) = (Pprony, ) = 0. (39)

We can use this identity to obtain an equation tying the coefficient vector v to the data.

0=(v,2) = Y ik (40)
=N vz (k) (41)

=> wuyk) ifst+1<n (42)

In order to estimate v we need at least s — 1 other equations. Consider taking the inner
product between the coefficients of Pyony and T shifted by &', which we denote by

T =T (kK. (43)

By basic Fourier identities, Ty is the Fourier representation of exp (27k't) x. This measure
has exactly the same support as x. As a result, we can repeat the same argument as above
to conclude that

0 = (Pprony, €xp (27k't) ) (44)
= (v, ZTp) (45)
=Y nyk+Fk) ifs+k <n-1 (46)

1=0
=0. (47)

If we select k&’ to be between 0 and s — 1 we obtain a system of s equations. This system
only involves the data y and the unknown coefficients v as long as n > 2s.
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No noise SNR = 140 dB

—— Signal (magnitude) —— Signal (magnitude)
—— Prony polynomial (magnitude) —— Prony polynomial (magnitude)

Figure 11: Prony polynomial applied on noiseless data (left). The image on the right shows the
effect of adding a very small quantity of noise to the data. The roots of the polynomial no longer
coincide with the support of the original signal. Note that the vertical axis is scaled differently in

the two images.

Prony’s method consists of solving this system and then decoding the support of the signal
by rooting the corresponding polynomial. For simplicity we assume that n = 2s.

Algorithm 4.2 (Prony’s method). The input to the algorithm is the cardinality of the
support s and the data y, which are assumed to be of the form (33)).

1. Form the system of equations

YyrooY2 o Ys U1 Yo
SO B ol bl B (18)
Ys Yst1 - Yn—1] | Vs Ys—1

2. Solve the system to obtain vy, ...,vs and set vy = 1.

3. Root the polynomial corresponding to vy, ..., vs to obtain its s roots z1, ..., Zs.

4. For every root on the unit circle z; = exp (i2nw7) include T in the estimated support.

This procedure is guaranteed to achieve exact recovery of the original signal.

Lemma 4.3. In the absence of noise, the output of Prony’s method is equal to the support
of the original signal.
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Proof. The coefficients of the polynomial are a feasible solution for the system of equa-
tions . In fact, they are the unique solution. To show this we compute the factorization

Y1 Y2 Ys
Y2 Y3 Ys+1
(49)
Ys  Ys+1 Yn—1
e—i27rt1 e—i27rt2 e—i27rts o 0 0 e—i27rt1 —2n(s—1)tq
€—i27r2t1 e—i27r2t2 e—i27r2t5 0 o 0 6—i27rt2 —i27(s—1)t2
e—i27rst1 e—i27rst2 e—i27rsts 0 0 Cs e—i27rts —i27(s—1)ts
(50)

The diagonal matrix is full rank as long as all the coefficients ¢; are nonzero, whereas the
two remaining matrices are full rank by the following lemma, proved in Section of the
appendix (set z; := exp (—i27t;)).

Lemma 4.4 (Vandermonde matrix). For any distinct set of s nonzero complex numbers

21,22, - -, 25 and any positive integers my, ms, s such that ms —mq+1 > s the Vandermonde
matrix
2 25" zM
Z;erl Zm1+1 Z;erl
2 2
Zte Lt Zmt2 (51)
27 2y z2

18 full rank.

As a result, the matrix in is full rank, so the system of equations has a unique solution
equal to . This completes the proof, as rooting obviously yields the support of the
signal. O

Unfortunately, Prony’s method as presented above cannot be applied to real data even if the
signal-to-noise ratio is exceptionally high. The image on the left of Figure |11 shows how the
Prony polynomial allows to super-resolve the support to very high accuracy from noiseless
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data. However, on the right we see the result of applying the method to data that have a
very small amount of noise (the ratio between the ¢, norm of the noise and the noiseless
data is around 1078!). The roots of the Prony polynomial are perturbed away from the
points of the unit circle that correspond to the support, so that it is no longer possible to
accurately locate the support of the signal. It is consequently necessary to adapt the method
to deal with noisy data if there is to be any hope of applying it in any realistic scenario. The
following sections discuss such extensions.

4.2 Subspace methods
In order to motivate subspace-based methods to tackle noisy data, we first describe an
alternative interpretation of Prony’s method.

Solving the system is essentially a way to find a nonzero vector in the null space of
Y (s+1)", where Y (m) is defined for any integer m as the Hankel matrix

3/0 Zl/1 ynfm
Y(m)=| P e (52)
Ynm—1 Ym - Yn—1

The vector in the null space of Y (s + 1)T corresponds to the coefficients of the Prony poly-
nomial, which we can root to find the support of the signal.

Recall that in the absence of noise the data are of the form

Y =7 (k) (53)
= Z cje_ﬂ’rktj, 0<k<n-1. (54)
tjGT

Consider the decomposition

-Cl 0 T 0 ] -GO:nfm (tl)T-
0 Cy - 0 ag:n—m (tQ)T
Y (m) = |agm-1(t1) aom—1(ta) -+ Qo1 (ts)]
O O e Cs ap:n—m (ts)T
= Apn—1(T) C Agm (T)", (55)
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where for £ > 0 we define
e—i27rt

ap (t) 1= |e72m2t |, Aok (T) := lagx (1) aox (ta) -+ agx (ts)] - (56)

e—i27rk’t

This decomposition suggests an alternative way of estimating the support 7' from Y (m):
finding sinusoidal atoms ag.,,—; (t) that are in the column space of Y (m +1). Lemma
below proves that the only atoms of this form that belong to the column space of Y (m) are

precisely ag.m—1 (t1), @o:m—1 (t2), - - -, Gom—1 (ts)-
In order to make this procedure robust to noise, in practice we check what atoms are close
to the column space of Y (m). To quantify this we compute the orthogonal complement N
of the column space of Y (m) and construct the pseudospectrum

1

1Py (dom1 (D)

where Py denotes a projection onto AN. If an atom is almost orthogonal to N then Py will
have a very large value at that point.

(57)

Py (t) =1

In order to find the subspace N, one possibility is computing the null space of the empirical
covariance matrix

1 *
Yj
1 n—m Yint o B
piewe——— port ' T Tir o Uirma] - (59)
Yj+m—1

The following lemma shows that the maxima of the pseudospectrum reveal the support of
the signal in the noiseless case.

Lemma 4.5. Let N be the null space of the empirical covariance matriz X (m) for m > s.
If the data are of the form ,

Py(t;) = oo, fort; eT, (60)
Py (t) < o0, fort ¢ T. (61)
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No noise SNR = 140 dB

UM

Figure 12: Pseudospectrum corresponding to the data used to construct the Prony polynomials
in Figure The true location of the support is marked with red circles.

Proof. By the atoms ag.,_1(t1), ..., @om—1(ts) span the column space of Y (m) and
¥ (m). As a result they are orthogonal to the null space N of the empirical covariance
matrix, which proves .

We prove by contradiction. The atoms ag.,—1 (1), - .., Go.m—1 (ts) span the orthogonal
complement to A. As a result, if ag.,_; (¢) is orthogonal to N for some ¢ then ag.,, 1 (t) is
in the span of ag.,,_1 (t1), - .., @Goam—1 (ts). This would imply that AT = (T'U {t}) is not full
rank, which can only hold if ¢ € T' by Lemma [4.4] O]

Figure [12[ shows the pseudospectrum corresponding to the data used to construct the Prony
polynomials in Figure [11| when n = 2s — 1. In the noiseless case, the pseudospectrum allows
to locate the support T perfectly. Unfortunately, the locations of the local maxima are
severely perturbed by even a very small amount of noise.

In order to obtain an estimate that is robust to noise, we need to use more data to estimate
the support of the signal. The definition of the empirical covariance matrix ¥ (m) in (/58]
provides a way to do this, we can just average over more data. If we fix m and increase
n, the column space of 3 (m) remains the same, but the averaging process may cancel out

the noise to some extent. This is the principle underlying the multiple-signal classification
(MUSIC) [1},/11].

Algorithm 4.6 (Multiple-signal classification (MUSIC)). The input is the cardinality of the
support s, the data y, which are assumed to be generated as in and the value of the
parameter m > S.
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SNR = 40 dB SNR =1 dB

Figure 13: Pseudospectrum constructed by the MUSIC algorithm with n = 81 and m = 30 for
the same signal used in Figure and different noise levels. The true location of the support is
marked with red circles.

1. Build the empirical covariance matriz ¥ (m) defined in .

2. Compute the eigendecomposition of X (m) to select the subspace N corresponding to
the m — s smallest eigenvalues.

3. Output an estimate of s estimated positions for the support by locating the s highest
peaks of the pseudospectrum

1
Py (t) = log P (o F (62)

By Lemma 4.5] in the absence of noise MUSIC allows to estimate the support of the signal
perfectly. When additive Gaussian noise is present in the data, MUSIC is much more robust
than Prony’s method. Figure [13|shows the result of applying MUSIC algorithm with n = 81
and m = 30 to the same data used in Figure (11| and different noise levels. The method is
able to locate the support of the signal at a noise level of 40 dB. At 1 dB the pseudospectrum
does not detect the smaller spikes (the true magnitudes are shown in Figure , but the
estimate for the rest is still rather accurate.

In order to provide a theoretical justification of why MUSIC is stable we study the method
in an asymptotic regime where the two following assumptions on the signal and the noise
are met:
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e Assumption 1: The original signal,

T = Z ;0 = Z |cj| exp (i) Oy, (63)

t; €T t;eT

follows a probabilistic model where the phases ¢; are independent and uniformly dis-
tributed in the interval [0, 27|, whereas the amplitudes are arbitrary and deterministic.
Note that this implies that the expectation of = is equal to zero and that the covariance
matrix equals

et 0 - 0
2
Blee] =D, = | 0 el 0 (64)
0 0 - el

e Assumption 2: The measurements are corrupted by white Gaussian noise with zero
mean and standard deviation o, which is independent from the signal. At time k we

measure
1
Yp = / exp (—i2rwkt) x(dt) + 2 (65)
0
= Z c; exp (—i2mkt;) + 2, (66)
t;eT

where z ~ N(0,0%I) is a zero-mean Gaussian random vector with covariance matrix
2
ol

Under these assumptions, a sequence of m measurements g, Y1, - . ., Ym—1 is @ random vector
of the form

y= A():m—l (T) c+z, (67)

The following proposition, proved in Section[A.2]of the appendix, characterizes the covariance
matrix of y.

Proposition 4.7. Let y be an m dimensional vector of data satisfying Assumptions 1 and
2. The ergendecomposition of the covariance matrix of y is equal to

Jo. A + 02[S 0 Us
Elgy] = [Us Un] 0 U2In—8:| {Uﬂ ' o

The eigenvectors are divided into two unitary matrices.

o Us € C™** contains an orthonormal basis of the signal subspace which corresponds to
the span of ag.m—1 (t1), - ., Gom—1 (ts).
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Figure 14: Result of applying MUSIC to data with an SNR of 20 dB for two different minimum
separations. In both cases, f. =40 (so n = 81) and m = 40.

o Uy € C™(m=3) s q unitary matriz spanning the noise subspace, which is the orthog-
onal complement of the signal subspace.

In addition, all eigenvalues are positive: oI, € C*¥* is a diagonal matriz with diagonal
entries equal to o and A is another diagonal matriz with positive entries.

This proposition provides a rather intuitive interpretation of the MUSIC algorithm. The
eigendecomposition of the covariance matrix of the data allows to estimate a signal subspace
and a noise subspace. As a result, the term subspace methods is often used to describe MUSIC
and related algorithms. Computing the pseudospectrum from these subspaces allows us to
locate the support of the signal.

In practice, we approximate the covariance matrix using the empirical covariance matrix
3 (m) defined in (58)). Asymptotically, if we fix s and m and let n — oo, X (m) converges to
the true covariance matrix (see Section 4.9.1 in [13]). However that this does not necessarily
imply that MUSIC will allow to find the support! To ensure that we can actually identify the
noise subspace correctly, the eigenvalues in A must all be large with respect to the variance
of the noise o2?. In the case of signals that have a small separation (with respect to n),
some of these eigenvalues may be small due to the correlation between the atoms ag.,,—1 (1),
.+, Ao:m—1 (ts). This is not surprising because at small separations the inverse problem is ill
posed, as explained in Section[2] Figure[I4]shows the result of applying MUSIC to data with
the same noise level for two different minimum separations. When the minimum separation
is too small the method fails to detect some of the smaller spikes.

Figure [15| compares the performance of MUSIC for different noise levels and different values
of the parameter m. On the left column, we see the decay of the eigenvalues of the empirical
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Figure 15: Eigenvalues of the empirical covariance matrix X (m) used by MUSIC (left) and corre-
sponding estimates (right) for different values of the parameter m and of the SNR. The cardinality
of the true support is s = 7.
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Figure 16: Line-spectra estimates obtained by Root MUSIC when the estimated number of sources
is equal to s — 1 (left) and s + 1 (right) for the same data as in Figure

covariance matrix. At high signal-to-noise ratios (SNR) there is a clear transition between the
eigenvalues corresponding to the signal subspace (in this case s = 7) and the noise subspace,
but this is no longer necessarily the case when the noise is increased. On the right column,
we see the performance of the algorithm for different values of the SNR and the parameter
m. At relatively high SNRs MUSIC is an effective algorithm as long as the assumptions
on the signal (random phases), noise (Gaussian) and measurement model (equispaced time
samples) are satisfied. In Figure we show the result of running the algorithm for the
wrong value of the parameter s. If the value is not too different to s and the SNR not too
low, the method is still capable of approximately locating the support.

4.3 Matrix-pencil methods

In this section we describe an alternative approach to perform spectral super-resolution. In
the previous section, we saw that MUSIC exploits the fact that in the absence of noise the
matrix

yO 3/1 tre ynfm
R (69)
Ym—1 Ym - Yn—1
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has the rank-s factorization

YE] = AO:mfl (T) C AO:nfm <T>T (70)
=Y ¢jaom1 (t;) Gom-m (1;)" (71)

by computing the eigendecomposition of the empirical covariance matrix. Recall that

Ay (T) = [am1:m2 (t1)  @mymy (t2) 0 Gy (tS)} . (72)
Matrix-pencil methods make use of this factorization in a different way.
Let us begin by defining a matrix pencil and its rank-reducing values.

Definition 4.8 (Matrix pencil). The matriz pencil of two matrices My and My is the matriz-
valued function

LMLMQ (M) = My — pby (73)
where p € C.

The set of rank-reducing values R of a matriz pencil satisfy

rank (L, v, (1) = rank (Lag, a, (1)) +1 for all p; € R and p ¢ R. (74)

Now consider the matrix

Yy Y2 o YUn—mel
Y, = Yo Ys 0 Yn—m+2 (75)
Ym Ymy1 - Yn
which can be written as
Y1 = Ay (T) C Agipemn (T)" (76)
= ¢jarm (1) agnm (t;)" (77)
t;eT

The insight behind matrix-pencil methods for spectral super-resolution is that exp (i27t;),
exp (i27ty), ..., exp (i27t,) are all rank-reducing values of the matrix pencil Ly, y; .

Lemma 4.9. exp (i277) is a rank-reducing value of Ly, v, if and only if T € T'.

This lemma, proved in Section of the appendix implies that we can estimate the support
of the signal by finding the rank-reducing numbers of the matrix pencil Ly, y,. The following
lemma, proved in Section [A.4] of the appendix, shows how to compute them.
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Lemma 4.10. Let Yy, = Uy X V| be the singular-value decomposition of Yy. The s eigenval-
ues of the matrix

M=V, %' Ug Vs (78)
are equal to exp (i27t;) for 1 < j <s.
The matrix-pencil algorithm [7] estimates the rank-reducing values from the noisy data,
hoping that the noise will not disrupt the eigenvalues of M too much.

Algorithm 4.11 (Matrix-pencil method). The input is the cardinality of the support s, the
data y, which are assumed to be generated as in and the value of the parameter m.

1. Build the matrices Yy and Y7.
2. Compute the singular-value decomposition of Yo = Uy X V.
3. Compute the s largest eigenvalues A1, Ao, ..., A\s of the matriz

M =V, %5 U Ya. (79)
4. Output 7 such that \; = exp (i2n7) for 1 < j <s.

For more information we refer the interested reader to Chapter 4 of [13], where it is re-
ported that matrix-pencil algorithms exhibit a similar performance to subspace methods.
For theoretical guarantees under a minimum-separation condition see [9].

5 Super-resolution via convex programming

In this section we describe how to perform super-resolution by penalizing a sparsity-inducing
norm. This is reminiscent of compressed sensing, which consists of estimating sparse signals
from randomized measurements via f;-norm minimization. As we have explained in the
previous sections, in super-resolution problem the signal is of the form

x = Z cjly;, (80)

t; €T
and the measurements are given by
y=F,x. (81)

Since the signal can be supported anywhere in the unit interval, we cannot use the ¢; norm
to induce sparsity, as it is only defined for finite-dimensional vectors. In order to promote
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Figure 17: Results of applying ¢5 and ¢1-norm minimization to the inverse problem described in
Figure |5l ¢1-norm minimization achieves exact recovery.

sparsity within a continuous interval, we resort to a continuous counterpart of the ¢; norm:
the total-variation (TV) norm. The total-variation norm of a measure x is defined as

lelly = s / F (D (df). (82)

[1flloe<L.feC(T

For a superposition of Dirac deltas Zj a;jd;, this norm is equal to the ¢; norm of the co-
efficients, i.e. |[z|[;y = >_;la;[. The term total-variation norm is somewhat unfortunate
because total variation may also refer to the ¢; norm of the discontinuities of a piecewise-
constant function, as we have seen in previous lectures.

Super-resolution via TV-norm minimization requires solving the optimization problem

minimize Z ||y (83)
subject to Fnl =y, (84)

where the minimization is carried out over the set of all finite complex measures Z supported
on [0, 1]. This infinite-dimensional convex problem can be solved by recasting it into a finite-
dimensional problem involving matrices (more specifically a semidefinite program), as we
will see later on in the course.

If the support of the signal is restricted to lie on a grid, problem |83]is equivalent to ¢;-norm
minimization, exactly as in compressed sensing. Figure [17|shows the result of applying this
algorithm to the reflection-seismography inverse problem described in Figure [5 where ¢;-
norm minimization achieves exact recovery. In fact, it was geophysicists working in this area
who first suggested using ¢;-norm minimization to tackle underdetermined linear inverse
problems. Figure shows results on real seismography data from a paper in 1979 [14].
These results spurred the interest of statisticians like David Donoho, who would eventually
spearhead the use of /1-norm minimization in other areas of signal processing and compressed
sensing.
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Figure 18: Result of applying ¢;-norm minimization to real seismography data from a paper in

1979 [14).
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Figure 19: Interpolating kernel K used in the proof of Theorem (left), along with its asymptotic
decay (center) and its low-pass spectrum (right).

5.1 Exact recovery

The following theorem establishes that TV-norm minimization succeeds for signals that have
a minimum separation of 1.26/ f., very near the limit of 1/f. at which the problem becomes
ill posed.

Theorem 5.1 (Total-variation minimization). Let T be the support of a signal x. If the

minimum separation obeys
A(T) > 1.26 / f. (85)

then x is the unique solution to .

The proof of this theorem is based on the construction of a dual certificate for the TV norm.
To simplify matters, while still conveying the main ideas, let us assume that the signal lies
on a grid and we are minimizing the ¢; norm. In that case, as we saw in the lecture on
compressed sensing, a dual certificate is a vector v such that ¢ = F v interpolates the sign
pattern of the signal on its support and has magnitude smaller than one on its off-support.
In compressed sensing ¢ is a superposition of random vectors, whereas in super-resolution
q is a superposition of low-pass trigonometric polynomials (the rows of the linear operator
F,.). This difference is crucial: if the support of the signal is cluttered together and the sign
of its coefficients varies rapidly, it may not be possible to achieve the interpolation with a
bounded polynomial.

We will sketch the proof of Theorem [5.1) which can be found in [2,/4]. The construction
of dual certificates for compressed sensing typically relies on concentration arguments from
probability theory. However there is nothing random about Theorem [5.1 We resort to a
different approach: interpolating the sign of the signal using a low-pass kernel K to construct
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Figure 20: Dual-polynomial if we only use K to interpolate the sign pattern (left), as opposed to
also incorporating its derivative into the construction and forcing the derivative of the polynomial
to be zero at the interpolation points (right).

q directly. Since any shift of a low-pass kernel is low pass, this means that ¢ = F;;v for some
v € C". Figure [19shows the kernel and its spectrum.

Interpolating the sign pattern with an adequately selected kernel is not sufficient to produce
a valid construction. The reason is that the magnitude of the polynomial tends to exceed one
near the elements of the support 7'. This can be avoided, however, by forcing the derivative
of the kernel to be zero at those points. As a result, the magnitude of the polynomial has
a local extremum at the interpolation point and its magnitude remains below one for a
sufficiently large minimum separation, as illustrated by Figure In order to enforce the
extra constraint on the derivative of ¢, we need more degrees of freedom in the construction.
For this purpose, we incorporate the derivative of the kernel, so that the ¢ is of the form

= 0L (t—ty) + B KL (E— 1), (86)

t;eT

where a, 3 € CITI are coefficient sequences satisfying

t) = 0K, (b —t) + 8K, (th —t;) =v;, t €T, (87)
t; €T

ar(te) +iqr(te) = Y K, (b — ;) + BiK (ts — 1) =0, €T, (88)
t; €T

and gr and g7 are the real and imaginary parts of ¢. Since the derivative of a low-pass
function is still low pass, ¢ is in the row space of the linear operator F,.. All is left is to show
that the system of equations has a solution and that the magnitude of ¢ is indeed bounded
on the complement of 7. We refer the interested reader to [2,/4] for the gory details.
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Figure 21: Result of applying TV-norm minimization to super-resolve data with an SNR of 20
dB for two different minimum separations. In both cases, f. = 40.

5.2 Super-resolution from noisy data

Consider the additive-noise model
y=Fux+z (89)

where z is a noise term. In order to account for the perturbation, we can adapt Problem (83])
by using an inequality constraint to quantify the uncertainty,

min |||l subject to || Fnd — yl|s <9, (90)

where § is an estimate of the noise level. Alternatively, we could also consider a Lagrangian
formulation of the form

. - 2

min [|Z{|py + 7 (|52 =yl (91)
where the regularization parameter v > 0 governs the tradeoff between data fidelity and
the sparsity of the estimate. Figure [21] shows the result of applying TV-norm minimization

to super-resolve data with an SNR of 20 dB for two different minimum separations. For a
theoretical analysis of the performance of Problem [90] see [3].

References
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A  Proofs

A.1 Proof of Lemma 4.4

Let us define

1 1 1

21 22 Zs

_ 2 2 2
zf_l 25_1 zgj*l

The determinant of the first s rows of our matrix of interest is equal to

ZI I z= 11 G-2) I] =#0 (93)

1<i<s 1<j<k<s 1<i<s

This implies that the first s rows are linearly independent and consequently that the whole
matrix is full rank.

A.2 Proof of Proposition 4.7

Due to the assumptions,

Elyy'] =E [AO:m—ICC*AS;m_1 + Aom—1c2" + 2c* A1 + zz*} (94)
= Aom—1E[cc’] Ay + Aom1 B[] E[z"] + E[2]E[c"] Ag,, s + E[227]  (95)
= Apm_1DA;,, | + L. (96)

We begin by writing the full eigendecomposition of Ag.,,—1D.Ag.,,_1, which is a positive
semidefinite symmetric matrix of rank s. By the spectral theorem, this matrix has a singular
value decomposition of the form

4 DA* B [ A O |US
Om—1c41gm—1 — Ug U/\/’} 00 [ ) (97)
N

where Us and Uy are as defined in the statement of the proposition. A is a diagonal matrix
with positive entries, because Ag.n—1D:Af.,,_; is positive semidefinite. Indeed if we define
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Vv D,, a diagonal matrix with |c| in the diagonal, we have that for any nonzero vector u

U*AoszchAam_lu = U*AO:m,1 AV Dc\/ DCAS:m_lu (98)
2
- H\/DcAg:m,lu ‘2 (99)

> 0, (100)

where the inequality is strict because v/ D Ag,,,,_; is full rank.

To complete the proof, we decompose the identity matrix using Us and Uy to obtain

Elyy] = Awm-1DcAb oy +0°1 (101)
A of Uz oI, 0 Uz

~vs U] +|vs U] : (102)
0 ol |Uy 0 o,.| |UL

A.3 Proof of Lemma 4.9

For any 7 € T

1. (T) = exp (12707T) Gg.m—1 (T) (103)
SO
Ly, v, (exp (i277)) = Y1 — exp (i277) Yo (104)
=Y ¢ (aram (t;) — exp (i207) doami (£5)) doimm (t;)" (105)
t,€T
= Y ¢ (arm (t;) — exp (i277) agani (;)) Gom—m ()", (106)
t;eT/{r}
which has rank s — 1.
If 7 ¢ T the column space of Ly, y, (exp (i277)) is spanned by exp (i27ty), ..., exp (i2nt;)

and exp (i277). By Lemma [4.4] these vectors are linearly independent, so the matrix pencil
has rank s.

A.4 Proof of Lemma 4.10]

From ({103 we have

A1 (T) = Apn—1 (T) @, (107)
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where

exp (i27ty) 0 e 0
o 0 exp (i2mty) - -- 0 | (108)
i 0 0 - exp (i27rt5)_
Yy can be decomposed as
Yo = Apm1 (T) C Ao (T)" . (109)
Let U X V* be the singular value decomposition of C' Ag.,,_, (T)T, where U € C°*%, ¥ € C**
and V € C* ™ +1%s_ [f the coefficients ¢y, .. ., ¢, are nonzero then C is full rank. Ag.,,—,, (T)T
is full rank by Lemma This implies that V X7t U* is a right inverse of C' Ag.,—p, (T)T,
C Agpm (T VETLU* =1 (110)
We now use these facts to decompose Y7,
Yy = Apn (T) C Aginn (T)' (111)
= Apn1 (T) C Ao (T)" by (112)
= A1 (T) C Agn (1) VIV C Agop (T)" by (113)
=Y, VY 'UroU V™ (114)

The row space of Y; is the same as the row space of C'Ag.,,_, (T)T because Ag.n_1 (T)T is
full rank by Lemma [£.4] This implies that

VoS! Us YoV = VoVg v (115)
=V (116)
As a consequence

WIS U Vi =Sl Y, VETI U U S VY (117)
=V lUreuUxv: (118)

Ll o
=P P, (119)

0 0

where

U ol |z of |v
P = (120)
o 1|0 I||v;

and V) is any orthogonal matrix whose column space is the orthogonal complement to the
column space of V. This establishes that the nonzero eigenvalues of the matrix Vo 35" Ug V)
correspond to the diagonal entries of ®.
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Lecture notes 7 March 28, 2016

Sparse regression

1 Linear regression

In statistics, the problem of regression is that of learning a function that allows to estimate
a certain quantity of interest, the response or dependent variable, from several observed
variables, known as covariates, features or independent variables. For example, we might be
interested in estimating the price of a house based on its extension, the number of rooms,
the year it was built, etc. The function that models the relation between the response and
the predictors is learnt from training data and can then be used to predict the response for
new examples.

In linear regression, we assume that the response is well modeled as a linear combination of
the predictors. The model is parametrized by an intercept 5y € R and a vector of weights
£ € RP, where p is the number of predictors. Let us assume that we have n data points
consisting of a value of the response y; and the corresponding values of the predictors X,

Xig, .., Xip, 1 <1 < n. The linear model is given by
P
Yi = B + ZBinj7 1<i<n, (1)
j=1
(70 1 X X2 - Xyl | B 1
1 Xo1 X9 - X 1
Plm | o+ |72 2 52 = |...| Pot+ X5 (2)
Yn 1 an Xn2 e an 5;0 1

We have already encountered linear models that arise in inverse problems such as compressed
sensing or super-resolution. A major difference between statistics and those applications is
that in statistics the ultimate aim is to predict y accurately for new values of the predictors,
not to estimate 8. The role of 5 is merely to quantify the linear relation between the response
and the predictors. In contrast, when solving an inverse problems the main objective is to
determine 3, which has a physical interpretation: an image of a 2D slice of a body in MRI,
the spectrum of multisinusoidal signal in spectral super-resolution, reflection coefficients of
strata in seismography, etc.

1.1 Least-squares estimation

To calibrate the linear regression model, we estimate the weight vector from the training
data. By far the most popular method to compute the estimate is to minimize the /5 norm



of the fitting error on the training set. In more detail, the weight estimate s is the solution
of the least-squares problem

minimize Hy—XﬁHQ. (3)

The least-squares cost function is convenient from a computational view, since it is convex
and can be minimized efficiently (in fact, as we will see in a moment it has a closed-form
solution). In addition, as detailed in Proposition below, it has a reasonable probabilistic
interpretation.

The following proposition, proved in Section [I.T], shows that the solution to the least-squares
problem has a closed form solution.

Proposition 1.1 (Least-squares solution). For p > n, if X is full rank then the solution to
the least-squares problem 18

Be = (XTX) ' XTy. (4)

A corollary to this result provides a geometric interpretation for the least-squares estimate
of y: it is obtained by projecting the response onto the column space of the matrix formed
by the predictors.

Corollary 1.2. Forp > n, if X is full rank then X By is the projection of y onto the column
space of X.

Proof. Let X = UX VT be the singular-value decomposition of X. Since X is full rank and
p>nwe have UTU = I, VTV =T and ¥ is a square invertible matrix, which implies

Xﬁls:X(XTX)_lXTy (5)
=UxV (VvEUTUZ V) VEUTY (6)
=UU"y. (7)

O

Proposition 1.3 (Least-squares solution as maximum-likelihood estimate). If we model y
as

y=XpB+z (8)

where X € R™P p >n, f € R? and y € R™ are fizred and the entries of z € R" are
1d Gaussian random variables with mean zero and the same variance, then the maximum-
likelthood estimate of B given y is equal to Pi.

The proposition is proved in Section of the appendix.



1.2 Preprocessing

The careful reader might notice that we have not explained how to fit the intercept 5,. Before
fitting a linear regression model, we typically perform the following preprocessing steps.

1. Centering each predictor column X; subtracting its mean
=) Xy (9)
i=1

so that each column of X has mean zero.

2. Normalizing each predictor column X; by dividing by

n

o= | )Xy — ) (10)

i=1

so that each column of X has /5 norm equal to one. The objective is to make the
estimate invariant to the units used to measure each predictor.

3. Centering the response vector y by subtracting its mean
n
Hy = Z Yi- (11)
i=1

By the following lemma, the intercept of the linear model once we have centered the data is
equal to zero.

Lemma 1.4 (Intercept). If the mean of y and of each of the columns of X is zero, then the
intercept in the least-squares solution is also zero.

The lemma is proved in Section of the appendix.

Once have solved the least-squares problem using the centered and normalized data to obtain
Bis, we can use the model to estimate the response corresponding to a new vector of predictors
x € RP by computing

1

f@) =+ ) Bus = (12)
=1



1.3 Overfitting

Imagine that a friend tells you:

I found a cool way to predict the temperature in New York: It’s just a linear combination of
the temperature in every other state. I fit the model on data from the last month and a half
and it’s perfect!

Your friend is not lying, but the problem is that she is using a number of data points to fit
the linear model that is roughly the same as the number of parameters. If n = p we can find
a [ such that y = X exactly, even if y and X have nothing to do with each other! This is
called overfitting and is usually caused by using a model that is too flexible with respect to
the number of data that are available.

To evaluate whether a model suffers from overfitting we separate the data into a training set
and a test set. The training set is used to fit the model and the test set is used to evaluate
the error. A model that overfits the training set will have a very low error when evaluated
on the training examples, but will not generalize well to the test examples.

Figure [I| shows the result of evaluating the training error and the test error of a linear model
with p = 50 parameters fitted from n training examples. The training and test data are
generated by fixing a vector of weights 5 and then computing

Ytrain = Xtrain 6 + Ztrain (13)
Ytest = Xtest B? (14)

where the entries of X ain, Xtest, Ztrain and [ are sampled independently at random from a
Gaussian distribution with zero mean and unit variance. The training and test errors are

defined as
| |Xtrain /Bls - ytrain| |2

€ITOrtrain — | |y | | y (15)
train||2
CITOT oy = | |Xtest Bls — Ytest | |2 . (16)
| |ytest | |2

Note that even the true g does not achieve zero training error because of the presence of the
noise, but the test error is actually zero if we manage to estimate (3 exactly.

The training error of the linear model grows with n. This makes sense as the model has to fit
more data using the same number of parameters. When n is close to p (50), the fitted model
is much better than the true model at replicating the training data (the error of the true
model is shown in green). This is a sign of overfitting: the model is adapting to the noise
and not learning the true linear structure. Indeed, in that regime the test error is extremely
high. At larger n, the training error rises to the level achieved by the true linear model and
the test error decreases, indicating that we are learning the underlying model.
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Figure 1: Relative £o-norm error in estimating the response achieved using least-squares regression
for different values of n (the number of training data). The training error is plotted in blue, whereas
the test error is plotted in red. The green line indicates the training error of the true model used
to generate the data.

1.4 Theoretical analysis of linear regression

In this section we analyze the solution of the least-squares regression fit to understand
its dependence with the number of training examples. The following theorem, proved in
Section of the appendix, characterizes the error in estimating the weights under the
assumption that the data are indeed generated by a linear model with additive noise.

Theorem 1.5. Assume the data y are generated according to a linear model with additive
noise,

y=Xp+z, (17)

where X € R™P and § € RP, and that the entries of z € R™ are drawn independently at
random from a Gaussian distribution with zero mean and variance o>. The least-squares

estimate
s = arg min ||y — X5 (18)
3 2

satisfies

2
Pel=d < g — gy < LTI

max mll’l

(19)



with probability 1 — 2 exp (—%). Omin and Omax denote the smallest and largest singular

value of X respectively.

The bounds in the theorem are in terms of the singular values of the predictor matrix
X € R™P, To provide some intuition as to the scaling of these singular values when we fix
p and increase n, let us assume that the entries of X are drawn independently at random
from a standard Gaussian distribution. Then by Proposition 3.4 in Lecture Notes 5 both
Omin and op., are close to v/n with high probability as long as n > C' p for some constant
C'. This implies that if the variance of the noise z equals one,

16 = Bull, = \/g (20)

If each of the entries of # has constant magnitude the ¢5 norm of § is approximately equal
to \/p. In this case, the theoretical analysis predicts that the normalized error

1511, vn
Figure [2| shows the result of a simulation where the entries of X, § and z are all generated by
sampling independently from standard Gaussian random variables. The relative error scales

precisely as 1/4/n.

For a fixed number of predictors, this analysis indicates that the least-squares solution con-
verges to the true weights as the number of data n grows. In statistics jargon, the estimator
is consistent. The result suggests two scenarios in which the least-squares estimator may not
yield a good estimate: when p is of the same order as n and when some of the predictors are
highly correlated, as some of the singular values of X may be very small.

1.5 Global warming

In this section we describe the application of linear regression to climate data. In particular,
we analyze temperature data taken in a weather station in Oxford over 150 years[] Our
objective is not to perform prediction, but rather to determine whether temperatures have
risen or decreased during the last 150 years in Oxford.

In order to separate the temperature into different components that account for seasonal
effects we use a simple linear with three predictors and an intercept

27t

y ~ [y + [ cos (%) + (5 cos (E) + B3t (22)

!The data is available at Thttp://www.metoffice.gov.uk/pub/data/weather/uk/climate/
stationdata/oxforddata.txtl
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Figure 2: Relative fo-norm error of the least-squares estimate as n grows. The entries of X, 3
and z are all generated by sampling independently from standard Gaussian random variables. The

simulation is consistent with

where t denotes the time in months. The corresponding matrix of predictors is

(23)

The intercept [y represents the mean temperature, 5; and [, account for periodic yearly
fluctuations and fs is the overall trend. If £5 is positive then the model indicates that tem-
peratures are increasing, if it is negative then it indicates that temperatures are decreasing.

The results of fitting the linear model are shown in Figures [3] and [l The fitted model
indicates that both the maximum and minimum temperatures have an increasing trend of
about 0.8 degrees Celsius (around 1.4 degrees Fahrenheit).
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1.6 Logistic regression

The problem of classification in statistics and machine learning is very related to regression.
The only difference is that in classification the response is binary: it is equal to either 0 or 1.
Of course, the labels 0 and 1 are arbitrary, they represent two distinct classes into which we
aim to classify our data. For example, the predictors might be pictures and the two classes
cats and dogs.

In linear regression, we use a linear model to predict the response from the predictors. In
logistic regression, we use a linear model to predict how likely it is for the response to equal
0 or 1. This requires mapping the output of the linear model to the [0, 1] interval, which is
achieved by applying the logistic function or sigmoid,

1

= (24)
14+ exp—t

g(t):

to a linear combination of the predictors. In more detail, we model the probability that
yi =1by

p
P (y;i = 1 X1, Xig, ..., Xip) = g (ﬁo + Z Binj> (25)
j=1
B 1
1 +exp (—50 -0 Bsz'j)




In Proposition we established that least-squares fitting computes a maximum-likelihood
estimate in the case of linear models with additive Gaussian noise. The following proposition
derives a cost function to calibrate a logistic-regression model by maximizing the likelihood
under the assumption that the response is a Bernouilli random variable parametrized by the
linear model.

Proposition 1.6 (Logistic-regression cost function). If we assume that the response values
Y1,Y2, - - ., Yn 0 the training data are independent samples from Bernowilli random variables
U1, Y2s - - - Yn such that

p
P (g = 1| X1, Xig, ..., Xp) == <50+Zﬁinj) ; (27)
j=1
P
P (g = 0] X1, Xig, ..., Xip) =1 —g (50 + Zﬁin]) ; (28)
j=1

then the maximum-likelihood estimate of the intercept and the weights By and By are obtained
by mazimizing the function

log L (30, B) = ;yi log g (Bo + ;@Xi]) + (1 —y,)log (1 —gq (BNO + ;@X@)) .
(29)

Proof. Due to the independence assumption, the joint probability mass function (pmf) of
the random vector ¢y equals

1-y;

py (y) = H g (ﬁo + Z Binj) (1 —g (ﬂ’“o + Z @)@)) : (30)

The likelihood is defined as the joint pmf parametrized by the weight vectors,

£(%8) =119 (/30 +ZBJ-XU-) (1 —g (ﬁo + Z@-)@)) ENEN
i=1 j=1 j=1
Taking the logarithm of this nonnegative function completes the proof. m

The log-likelihood function is strictly concave, so the logistic-regression estimate is well
defined. Although the cost function is derived by assuming that the data follow a certain
probabilistic model, logistic regression is widely deployed in situations where the probabilistic
assumptions do not hold. The model will achieve high prediction accuracy on any dataset
where the predictors are linearly separable, as long as sufficiently data is available.
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2 Sparse regression

2.1 Model selection

In Section we establish that linear regression allows to learn a linear model when the
number of available examples n is large with respect to the number of predictors p. However,
in many modern applications, the number of predictors can be extremely large. An example
is computational genomics, where the predictors may correspond to gene-expression mea-
surements from thousands of genes, whereas n is the number of patients which might only
be in the hundreds.

It is obviously impossible to fit a linear model when p > n, or even when p ~ n without
overfitting (depending on the noise level), but it may still be possible to fit a sparse linear
model that only depends on a subset of s < p predictors. Selecting the relevant predictors
to include in the model is called model selection in statistics.

2.2 Best subset selection and forward stepwise regression

A possible way to select a small number of relevant predictors from a training set is to fix the
order of the sparse model s < p and then evaluate the least-squares fit of all possible s-sparse
models in order to select the one that provides the best fit. This is called the best-subset
selection method. Unfortunately it is computationally intractable even for small values of s
and p. For instance, there are more than 10'® possible models if s = 10 and p = 100.

An alternative to an exhaustive evaluation of all possible sparse models is to select the
predictors greedily in the spirit of signal-processing methods such as orthogonal matching
pursuit. In forward stepwise regression we select the predictor that is most correlated with
the response and then project the rest of predictors onto its orthogonal complement. Iterating
this procedure allows to learn an s-sparse model in s steps.

Algorithm 2.1 (Forward stepwise regression). Given a matrixz of predictors X € R™ P and
a response y € R", we initialize the residual and the subset of relevant predictors S by setting,

Jo = argmax [(y, X;)| (32)
So == {Jo} (33)
Bis = znufgmBinHy—XsoBH2 (34)
r@ =y — X, . (35)

11



Then for k =2,3,...,s we compute

Jk i= arg max

<y, Peai(xs,_,)* Xj>‘ (36)

JESj—1
Sj = 81U {Ji} (37)
fh 1= arg min ||y — X, 5| (38)
5
r) = pk=l) _ Xs,; Bis- (39)

The algorithm is very similar to orthogonal matching pursuit. The only difference is the
orthogonalization step in which we project the remaining predictors onto the orthogonal
complement of the span of the predictors that have been selected already.

2.3 The lasso

Fitting a sparse model that uses a subset of the available predictors is equivalent to learning
a weight vector 8 that only contains a small number of nonzeros. As we saw in the case of
sparse signal representations and underdetermined inverse problems, penalizing the ¢; norm
is an efficient way of promoting sparsity. In statistics, £;-norm regularized least squares is
known as the lasso,

1 . 112 -
minimize —Hy—ﬁo—Xﬁ +>\Hﬁ
2n 2

1

A > 0 is a regularization parameter that controls the tradeoff between the fit to the data
and the /1 norm of the weights. Figure |5[shows the values of the coefficients obtained by the
lasso for a linear regression problem with 50 predictors where the response only depends on
3 of them. If X is very large, all coefficients are equal to zero. If X\ is very small, then the
lasso estimate is equal to the least-squares estimate. For values in between, the lasso yields
a sparse model containing the coefficients corresponding to the relevant predictors.

A different formulation for the lasso, which is the one that appeared in the original paper [4],

incorporates a constraint on the ¢; norm of the weight vector, instead of an additive term.

minimize Hy —XB-P z (42)

subject to HB

ST (43)

The two formulations are equivalent, but the relation between A and 7 depends on X and y.
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Figure 5: Magnitude of the lasso coefficients for different value of the regularization parameter.
The number of predictors is 50, but the response only depends on 3 of them, which are marked in
red.

To compare the performance of the lasso, forward stepwise regression and least-squares
regression on a dataset that follows a sparse linear model we generate simulated data by
computing

Ytrain = Xtrain 5 + Ztrain, (44)
Ytest = Xtest B? (45)

where the entries of X ain, Xiest and Ziain and [ are sampled independently at random from
a Gaussian distribution with zero mean and unit variance. 10 entries of £ are also sampled
iid from a standard normal, but the rest are set to zero. As a result the response only
depends on 10 predictors out of a total of 50. The training and test errors were computed

as in and .

Figure |§| shows the results for different values of n (to be clear we compute the estimates
once at each value of n). As expected, the least-squares estimator overfits the training data
and performs very badly on the test set for small values of n. In contrast, the lasso and
forward stepwise regression do not overfit and achieve much smaller errors on the test set,
even when n is equal to p.

In our implementation of forward stepwise regression we set the number of predictors in the
sparse model to the true number. On real data we would need to also estimate the order of
the model. The greedy method performs very well in some instances because it manages to
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select the correct sparse model. However, in other cases, mistakes in selecting the relevant
predictors produce high fit errors, even on the training set. In contrast, the lasso achieves
accurate fits for every value of n.

2.4 Theoretical analysis of the lasso

Assume that we have data that follow a sparse linear model of the form
y=Xp+z (46)

where the weight vector [ is sparse, so that the response y only depends on s < p predictors.
By Theorem if the noise has variance o2, least-squares regression yields an estimate of

the weight vector that satisfies
p
Hﬁ_ﬁlst%UZ\/;- (47>

as long as the matrix of predictors X is well conditioned and has entries with constant
amplitudes. When p is close to n this indicates that least-squares regression does not yield
a good estimate.

In order to characterize the error achieved by the lasso, we introduce the restricted-eigenvalue
property (REP), which is similar to the restricted-isometry property (RIP) that we studied
in Lecture Notes 5.

Definition 2.2 (Restricted-eigenvalue property). A matriz M € R"*? satisfies the restricted-
eigenvalue property with parameter s if there exists v > 0 such that for any v € RP if

[oze]ly < lorl]; (48)

for any subset T" with cardinality s then

1
(1M vlly =y [Jol]5- (49)

Just like the RIP, the REP states that the matrix preserves the norm of a certain class
of vectors. In this case, the vectors are not necessarily sparse, but rather have ¢;-norm
concentrated on a sparse subset of the entries, which can be interpreted as a robustified
notion of sparsity. The property may hold even if p > n, i.e. when we have more predictors
than examples. The following theorem provides guarantees for the lasso under the REP.

Theorem 2.3. Assume that the datay are generated according to a linear model with additive
noise,

y=XpB+z, (50)
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Figure 6: Comparison of the training and test error of the lasso, forward stepwise regression and
least-squares regression for simulated data where the number of predictors is equal to 50 but only
10 are used to generate the response.
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where X € R™P and f € RP, and that the entries of z € R™ are drawn independently at
random from a Gaussian distribution with zero mean and variance o2. If 3 has s nonzero
entries and X satisfies the restricted-eigenvalue property, the solution Plasso to

12
minimize Hy - Xp (51)
2
subject to HBH <rT (52)
1
if we set T :=||B||, satisfies
0.1/32 a slogp
||ﬁ - Blasso”z < v n mZaXHXZHQ (53)

with probability 1 — 2exp (— (a — 1) log p) for any a > 2.

The result establishes that the lasso achieves an error that scales as 0,4/s/n, which is the
same rate achieved by least squares if the true sparse model is known!

In this section we have focused on the estimation of the weight vector. This is important
for model selection, as the sparsity pattern and the amplitude of the weights reveals the
sparse model used to predict the response. However, in statistics the main aim is often to
predict the response. For this purpose, in principle, conditions such as the REP should not
be necessary. For results on the prediction error of the lasso we refer the interested reader to
Chapter 11 of [3]. In Section |3| we discuss the performance of the lasso and related methods
when the predictor matrix does not satisfy the REP.

2.5 Sparse logistic regression

An advantage of the lasso over greedy methods to learn sparse linear models is that it can be
easily applied to logistic regression. All we need to do is add an ¢;-norm regularization term
to the cost function derived in Section [I.6] In detail, to learn a sparse logistic-regression
model we minimize the function

—Z?/ilogg <5~0+25in3'> — (1 —yi)log (1 -9 (60+ZB]'X¢]')> +>\HBH1-
i=1 j=1 Jj=1

This version of the lasso can be used to obtain a sparse logistic model for prediction of
binary responses. To illustrate this, we consider a medical dataseﬂ. The response indicates
whether 271 patients suffer from arrhythmia or not. The predictors contain information
about each patient, such as age, sex, height and weight, as well as features extracted from

2The data can be found at https://archive.ics.uci.edu/ml/datasets/Arrhythmia
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Figure 7: Distribution of misclassification errors achieved after repeatedly fitting the model using
a random subset of 90% of the examples for different values of the regularization parameter \. The
number of predictors included in the sparse model is indicated above the graph.
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electrocardiogram recordings. The total number of predictors is 182. We use the glmnet
package in R [2] to fit the sparse logistic regression model.

Figure [7| shows the distribution of the test error achieved after repeatedly fitting the model
using a random subset of 90% of the examples; a procedure known as cross-validation in
statistics. The number of predictors included in the sparse model is indicated above the
graph. The best results are obtained by a model containing 62 predictors, but a model
containing 18 achieves very similar accuracy (both are marked with a dotted line).

3 Correlated predictors

In many situations, some of the predictors in a dataset may be highly correlated. As a result,
the predictor matrix is ill conditioned, which is problematic for least squares regression, and
also for the lasso. In this section, we discuss this issue and show how it can be tackled
through regularization of the regression cost function.

3.1 Ridge regression

When the data in a linear regression problem is of the form y = X 8+ z, we can write the error
of the least-squares estimator in terms of the singular-value decomposition of X = UXVT,

Hﬁ - ﬂls”2 =

see in Section . If a subset of the predictors are highly correlated, then some of
the singular values will have very small values, which results in noise amplification. Ridge
regression is an estimation technique that controls noise amplification by introducing an
ls-norm penalty on the weight vector,

112 112
minimize Hy—Xﬁ)L—i—)\HB , (55)

where A > 0 is a regularization parameter that controls the weight of the regularization
term as in the lasso. In inverse problems, /,-norm regularization is often known as Tikhonov
regularization.

The following proposition shows that, under the assumption that the data indeed follow a
linear model, the error of the ridge-regression estimator can be decomposed into a term that
depends on the signal and a term that depends on the noise.
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Proposition 3.1 (Ridge-regression error). If y = X + z and X € R"P, n > p, is full
rank, then the solution of Problem can be written as
a0 0 F5 0 0
2
0 > 0 0 72 0
ﬁridge =V Ug—‘r}\ VTﬁ +V G%-‘r)\ UTZ (56)
i 0 0 af,iA_ I 0 0 _agik_

We defer the proof to Section in the appendix.

Increasing the value of the regularization parameter A\ allows to control the noise term when
some of the predictors are highly correlated. However, this also increases the error term that
depends on the original signal; if z = 0 then we don’t recover the true weight vector 5 unless
A = 0. Calibrating the regularization parameter allows to adapt to the conditioning of the
predictor matrix and the noise level in order to achieve a good tradeoff between both terms.

3.2 The elastic net

Figure |8 shows the coefficients of the lasso and ridge regression learnt from a dataset where
the response follows a sparse regression model. The model includes 50 predictors but only
12 are used to generate the response. These 12 predictors are divided into two groups of 6
that are highly correlated?]

The model obtained using ridge regression assigns similar weights to the correlated variables.
This is a desirably property since all of these predictors are equally predictive of the response
value. However, the learnt model is not sparse for any value of the regularization parameter,
which means that it selects all of the irrelevant predictors. In contrast, the lasso produces a
sparse model, but the coefficients of the relevant predictors are very erratic. In fact, in the
regime where the coefficients are sparse not all the relevant predictors are included in the
model (two from the second group are missing).

The following lemma, proved in gives some intuition as to why the coefficient path for the
lasso tends to be erratic when some predictors are highly correlated. When two predictors
are exactly the same, then the lasso chooses arbitrarily between the two, instead of including
both in the model with similar weights.

Lemma 3.2. If two columns of the predictor matriz X are identical X; = X, i # j, and

3In more detail, the predictors in each group are sampled from a Gaussian distribution with zero mean
and unit variance such that the covariance between each pair of predictors is equal to 0.95.
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Figure 8: Coefficients of the lasso, ridge-regression and elastic-net estimate for a linear regression
problem where the response only depends on two groups of 6 predictors each out of a total of 50
predictors. The predictors in each group are highly correlated.
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Blasso 1S a solution of the lasso, then

6 (a)l = aﬁlasso,i + (1 - Oé) Blasso,ja (57)
ﬂ (a)j = (1 - Oé) ﬁlasso,i + aﬁlasso,ja (58)
5 (a)k = ﬁlasso,ka k §é {Zaj} ) (59)

1s also a solution for any 0 < a < 1.

The following lemma, which we have borrowed from [6], provides some intuition as to why
strictly convex regularization functions such as ridge regression tend to weigh highly corre-
lated predictors in a similar way. This does not contradict the previous result because the
lasso is not strictly convex. The result is proved in Section of the appendix.

Lemma 3.3 (Identical predictors). Let us consider a reqularized least squares problem of
the form

o 1 =112 >
minimize %Hy—XﬂHQ%—)\'R(ﬂ> (60)

where R is an arbitrary regularizer, which s strictly convexr and invariant to the ordering
of its argument. If two columns of the predictor matrix X are identical X; = X; then the
corresponding coefficients in the solution PBr of the optimization problem are also identical:

ﬁR,i = ﬂR,j .

For sparse regression problems where some predictors are highly correlated ridge regression
weighs correlated predictors similarly, as opposed to the lasso, but does not yield a sparse
model. The elastic net combines the lasso and ridge-regression cost functions introducing
an extra regularization parameter «,

11—«
2

17

minimize Hy—XﬁNW—l—)\( 2+QHB~H ) (61)
2 2 2 1

For a = 0 the elastic net is equivalent to ridge regression, whereas for a = 1 it’s equivalent to

the lasso. For intermediate values of a the cost function yields sparse linear models where the

coefficients corresponding to highly correlated predictors have similar amplitudes, as shown

in Figure [8]

Figure [J] plots the training and test error achieved by least squares, ridge regression, the
lasso and the elastic net on a dataset where the response only depends on two groups of
highly correlated predictors. The total number of predictors in the dataset is p = 50 and the
number of training examples is n = 100. Least squares overfits the data, yielding the best
error for the training set. Ridge regression has a significantly lower test error, but does not
achieve the performance of the lasso because it does not yield a sparse model as can be seen
in Figure |8} The elastic net achieves the lowest test error.
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4 Group sparsity

4.1 Introduction

Group sparsity is a generalization of sparsity that allows us to design models that incorporate
prior information about the data. If the entries of a vector are partitioned into several groups,
then the vector is group sparse if only the entries corresponding to a small number of groups
are nonzero, no matter how many entries are zero or nonzero within the groups. We have
already exploited group sparsity in the context of denoising in Lecture Notes 4. There we
used block thresholding to enforce the prior assumption that the STFT coefficients in a
speech signal tend to have significant amplitude in contiguous areas. In this section, we
will focus on the application of group-sparsity assumptions to regression models, where the
groups are used to encode information about the structure of the predictors.

We consider a linear regression model where the predictors are partitioned into k& groups Gy,

g27"'7gk7

ﬁg1

Bg
y=Bo+XB=P+ |Xg, Xg - Xg. 1. (62)

ﬁgk

A group-sparse regression model is a model in which only the predictors corresponding to a
small number of groups are used to predict the response. For such models, the coefficient
vector 3 has a group-sparse structure, since the entries corresponding to the rest of the groups
are equal to zero. For example, if the predictors include the temperature, air pressure and
other weather conditions at several locations, it might make sense to assume that the response
will only depend on the predictors associated to a small number of locations. This implies
that the g should be group sparse, where each group contains the predictors associated to a
particular location.

4.2 Multi-task learning

Multi-task learning is a problem in machine learning and statistics which consists of learning
models for several learning problems simultaneously, exploiting common structure. In the
case of regression, an important example is when we want to estimate several responses Y7,
Ys, ..., Y, € R" that depend on the same predictors X, Xo, ..., X, € R". To learn a linear
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model for this problem we need to fit a matrix of coefficients B € RP**

Y=Y Y» ... YVi]~By+XB (63)
=By+X[B By -+ Byl. (64)

If we estimate B by solving a least-squares problem, then this is exactly equivalent to learning
k linear regression separately, one for each response. However, a reasonable assumption
in many cases is that the different responses depend on the same predictors, albeit with
with different coefficients. This corresponds exactly to a group-sparse assumption on the
coefficient matrix B: B should have a small number of nonzero rows.

4.3 Mixed /1 /¢, norm

In order to promote group-sparse structure, a popular approach is to penalize the ¢ /¢, norm,
which corresponds to the sum of the ¢s-norms of the entries in the different groups. The
intuition is that minimizing the ¢; norm induces sparsity, so minimizing the ¢; norm of the
ls-norms of the groups should induce sparsity at the group level.

Definition 4.1 (¢,/¢y norm). The ¢, /{5 norm of a vector  with entries divided into k
groups Gy, Go, ..., Gy is defined as

WHM ZHﬁQZ

(65)

In the case of multitask learning, where the groups correspond to the rows of a matrix, the
01 /05 norm of the matrix corresponds to the sum of the /5 norms of the rows,

[1Bl]15 = ZHB 2 (66)

where B.; denotes the ¢th row of B.

Let us give a simple example that shows why penalizing the ¢;/¢; norm induces group
sparsity. Let us define two groups G; := {1,2} and G, := {3}. The corresponding ¢, /¢,
norm is given by

b
| a||| = vEeam o
P 1,2
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Our aim is to fit a regression model. Let us imagine that most of the response can be
explained by the first predictor, so that

B
y~X|0], (68)
0

but the fit can be improved in two ways, by setting either By or (3 to a certain value a.
The question is which of the two options is cheaper in terms of ¢; /¢5 norm, since this is the
option that will be chosen if we use the ¢; /¢ norm to regularize the fit. The answer is that
modifying S5 has much less impact on the ¢; /¢, norm

5] [0

0|+ |« =/ B} +a?, (69)
| 0 u 1,2
(51]  [0]

0| +{o]|| =B +azt2itla (70)
| 0 ] L],

especially if « is small or 5y is large. The ¢;/¢5 norm induces a group-sparse structure by
making it less costly to include entries that belong to groups which already have nonzero
entries, with respect to groups where all the entries are equal to zero.

The following lemma derives the subgradient of the ¢;/¢; norm. We defer the proof to
Section in the appendix.

Lemma 4.2 (Subgradient of the ¢; /¢ norm). A vector g € R? is a subgradient of the (1 /s
norm at 5 € RP if and only if

96, = 6% fOT ﬂgi 7é 0, (71)
Hﬁgz 2
lgg:ll, <1 for Bg, = 0. (72)

4.4 Group and multitask lasso

The group lasso [5] combines a least-squares term with an ¢; /¢s-norm regularization term to
fit a group-sparse linear regression model,

, (73)

minimize HY—BD —XBH2 %—/\Hﬁ~
F 1,2

where A\ > 0 is a regularization parameter. Applying the exact same idea to the multi-task
regression problem yields the multi-task lasso

~ ~ 112 ~
minimize HY—BO—XB F+)\HB , (74)

1,2
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Figure 10: Errors achieved by the lasso and the multitask lasso on a multitask regression problem

where the same s predictors (out of a total of p = 100 predictors) are used to produce the response
in k sparse linear regression models. The training data is equal to n = 50.
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Figure 11: Coeflicients for the lasso and the multitask lasso when s = 30 and £ = 40 in the
experiment described in Figure The first 30 rows contain the relevant features.

where the Frobenius norm ||| is equivalent to the ¢, norm of the matrix once it is vectorized.

Figure (10| shows a comparison between the errors achieved by the lasso and the multitask
lasso on a multitask regression problem where the same s predictors (out of a total of
p = 100 predictors) are used to produce the response in k sparse linear regression models.
The training data is equal to n = 50. The lasso fits each of the models separately, whereas
the multitask lasso produces a joint fit. This allows to learn the model more effectively and
achieve a lower error, particularly when the number of predictors is relatively large (s = 30).
Figure 11| shows the actual coefficients fit by the lasso and the multitask lasso when s = 30
and k = 40. The multitask lasso is able to promote a group sparse structure which results in
the correct identification of the relevant predictors. In contrast, the lasso fits sparse models
that do not necessarily contain the same predictors, making it easier to include irrelevant
predictors that seem relevant for a particular response because of the noise.

4.5 Proximal-gradient algorithm

In order to apply the group or the multitask lasso we need to solve a least-squares problem
with an ¢;/¢3-norm. In this section we adapt the proximal-gradient algorithm described in
Lectures Notes 3 to this setting. The first step is to derive the proximal operator of this
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norim.

Proposition 4.3 (Proximal operator of the ¢; /¢y norm). The solution to the optimization

problem
1 112 .
minimize —Hﬂ—ﬁ‘ —|—04HB , (75)
2 2 1,2
where o > 0, is obtained by applying a block soft-thresholding operator to (3
PTOXq |||, , (B) = BS. (B), (76)
where
Bg; .
Bg, — am=—m i ||Ba.||y > @
BSa(B)g =4 Il 1Bell, (77)
' 0 otherwise.

The proof of this result is in Section of the appendix.

The proximal-gradient method alternates between block-thresholding and taking a gradient
step to minimize the least-squares fit.

Algorithm 4.4 (Iterative Block-Thresholding Algorithm). We set the initial point 29 to
an arbitrary value in R™. Then we compute

kD = BSa, (x(k) — oy AT (Ax(k) - y)) , (78)

until a convergence criterion s satisfied.

Convergence may be accelerated using the ideas discussed in Lecture Notes 3 to motivate
the FISTA method.
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A  Proofs

A.1 Proof of Proposition

Let X = UX Vr be the singular-value decomposition (SVD) of X. Under the conditions of
the proposition, (XTX)f1 XTy =VXUT. We begin by separating y into two components

y=UU"y+ (I -UU")y (79)

where UUTy is the projection of y onto the column space of X. Note that (I uu T) y is

orthogonal to the column space of X and consequently to both UUTy and X for any .
By Pythagoras’s Theorem

v = xB||, = 117~ 00Ty |3 + | [vory - x5 (80)

The minimum value of this cost function that can be achieved by optimizing over beta is
||yx+||3. This can be achieved by solving the system of equations

UUTy = XB =US Vb (81)

Since UTU = I because p > n, multiplying both sides of the equality yields the equivalent
system

UTy = S Vipp. (82)

Since X is full rank, Y and V are square and invertible (and by definition of the SVD
V- 1 vT)

Bs =VEU"y (83)

is the unique solution to the system and consequently also of the least-squares problem.
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A.2 Proof of Proposition [1.3

We model the noise as a random vector Z which has entries that are independent Gaussian
random variables with mean zero and a certain variance . Note that Z is a random vector,
whereas z is the realization of the random vector. Similarly, the data y that we observe is
interpreted as a realization of a random vector . The ith entry of

y=X0+z2 (84)

is a Gaussian random variable with mean (X(); and variance 0. The pdf of g; is conse-

quently of the form
()Y .

fl?z‘ <t> = \/%0_ exXp | — 202

By assumption, the entries of Z are independent, so the joint pdf of gy is equal to

exp | —

) =] 2 o (+3)) 50

1 V2mo 202
1 1 112
S T N .
oo p( 202Hy 8], (87)

The likelihood is the probability density function of § evaluated at the observed data y and
interpreted as a function of 5.

£ <B> - (;W)" P (_% Hy_XBHz) ' (88)

Since the function is nonnegative and the logarithm is a monotone function, we can take
optimize over the logarithm of the likelihood to find the maximume-likelihood estimate. We
conclude that it is given by the solution to the least-squares problem, since

B, = argmax £ (5) (89)
B

= arg mgmx log £ (B) (90)

:argmﬁinHy—XBH2 (91)
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A.3 Proof of Lemma [1.4]

Let 1 denote an n-dimensional vector of ones. The model with an intercept is equivalent to

y=~[X 1] {ﬂ (92)

0

Applying Proposition the least-squares fit is

-1

() x]) [k (93)
ol
xrtxoxm Ty, -
X 1Ty
[x7x o T xry, .
I 0 n I 0
= () o] Xy (96)
Lo 1o
= (X)X (97)
O )

where have used the fact that 17y = 0 and X71 = 0 because the mean of y and of each of
the columns of X is equal to zero.

A.4 Proof of Theorem [1.5l

By Proposition

18— Bully = ||8 - vE"UTY|]; (98)
= |8 - VETUT(XB+ o) (99)
= ||[vsuT| 2 (100)
= ||="'U"||; (101)

(Y o
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which implies

U7 2|2 U7 2|2
Nl g gz < 1AL (103

max min

The distribution of the p-dimensional vector U” z is Gaussian with mean zero and covariance
matrix

Ur's, U = oI, (104)

where ¥, = 2] is the covariance of matrix of z. As a result, -5 HU T2H2 is a chi-square
random variable with p degrees of freedom. By Proposition A.2 i in Lecture Notes 5 and the
union bound

po?(1—e) < ||UTz|]s < po? (1 +¢) (105)

with probability at least 1 — exp (——2) — exp (—’?) >1—2exp <—’%2).

A.5 Proof of Theorem 2.3

We define the error

h = 5 - 61&880' (106)

The following lemma shows that the error satisfies the robust-sparsity condition in the defi-
nition of the restricted-eigenvalue property.

Lemma A.1. In the setting of Theorem[2.5 h := 5 — Plasso Satisfies

|| e

1 < Al (107)

where T is the support of the nonzero entries of 3.

Proof. Since [.ss0 is feasible and 3 is supported on T

7= |B[l; = [|Brassoll
= |‘5+h|‘1
=18+ hrlly + [lhrelly
> 181l = llhrlly + [[hre]l, -

A~~~ I/~
—_
—_
=}

~— — ~— ~—
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This implies that by the restricted-eigenvalue property we have
1
W2 < —||1X 3. 112
| Hz_,mH 2 (112)

The following lemma allows to bound the right-hand side.

Lemma A.2. In the setting of Theorem [2.5

| XA} <227Xh. (113)

Proof. Because (s is the solution to the constrained optimization problem and [ is also
feasible we have

Hy_XﬁlaSSOHS Z Hy_XﬁlaSSOHS' (114)
Substituting y = XS + z,
2 2
||z = Xhlly = ||2[]; (115)
which implies the result. [

Since ||hre||; < ||hr||; and hy only has s nonzero entries
1211, < 2V/s][Rl] (116)

so by Lemma[A.2] Hélder’s inequality and (112)

2:TXh

Il < 222 117)
_ 2 {[X7sl| .
< -
< 4\/§”h||;}1\XTZHoo_ (119)

The proof of the theorem is completed by the following lemma, that uses the assumption on
the noise z to bound HXTZ| ‘OO.

Lemma A.3. In the setting of Theorem [2.3

p (HXTZHOO > 0,4/ 20 nlogp) <2exp(— (a—1)logp) (120)

for any a > 2.
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Proof. Xz is Gaussian with variance o2 ||XZ||§, so for ¢ > 0 by Lemma 3.5 in Lecture Notes

bt

t2

P (| X[ 2| > to. || Xil|,) < 2exp (—§> (121)
By the union bound,
t2

P(HXTZHOO >tazmax||Xi||2> < 2pexp <—§) (122)

t2
= 2exp <—§ + logp) (123)
Choosing t = v/2alog p for a > 2 we obtain the desired result. m

A.6 Proof of Proposition

The ridge-regression cost function is equivalent to the least-squares cost function

2
o Y X | 5
minimize H [O} — l)‘j] 15} )

By Proposition [I.1] the solution to this problem is

e (5 1) G

(124)

= (XTX + X0 XT (X8 + 2) (126)
= (veVT 4 VvV T (VYT 4 VEUT ) (127)
=V (24 220) VT (VERVTB 4+ VEUT2) (128)

A.7 Proof of Lemma 3.2

Since X,L = X],
XB (Oé) = (Oé Blasso,i + (1 - Oé) 51asso,j) Xz + ((1 - Oé) ﬁlasso,i + aﬁlasso,j) Xj + Z Blasso,k:Xk
k¢{ig}
= Blasso,iXi + Blasso,ij + Z 6lasso,ka (129>
k¢{i,g}
- Xﬁlassoa (130)
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which implies ||y — X5 (@)||, = ||y — X Blassol|,- Similarly,

Hﬁ (Oé)||1 - |aﬁlasso,i + (]- - Oé) 61asso,j| + |(1 - Oé) Blasso,i + Oéﬁlasso,j‘ + Z |ﬁlasso,k| (131)

k¢{i,j}
S (07 |ﬁlasso,i| + (1 - Oé) ’Blasso,j| + (1 - a) |ﬁlasso,i| + ’61asso,j| + Z ‘ﬁlasso,k’
k¢{i,j}
= ||5laSSO||1 . (132)
This implies that 5 («) must also be a solution.
A.8 Proof of Lemma [3.3
Consider
p (), =apfr;+ (1 —a) br;, (133)
B (a)j = (1 —a) fr; +aBry, (134)
B(a), = Bryr, ké&{i,j}. (135)
for 0 < @ < 1. By the same argument in (130) ||y — X5 ()||, = ||y — X Br]|,- We define
Br.i = Br; (136)
Bri = Bri; (137)

Note that because R is invariant to the ordering of its argument R (fz) = R (f8%). Since
B (a) = afr + (1 — a) B, by strict convexity of R

R(B(a)) <aR(Br)+(1-a)R(Fg) (139)
=R (Br) (140)

if Br,i # Br,j. Since this would mean that S is not a solution to the regularization problem,
this implies that g, = Br ;-

A.9 Proof of Lemma 4.2

We have that

18+l > 1B, +9" R (141)
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for all possible h € R? if and only if

for all possible hg, € RI%! for 1 <i < k.

If Bg, # 0 the only vector gg, that satisfies (142)) is the gradient of the ¢ norm at g,

V1, (Be.) = H§Tg (143)
ill2

The fact that the gradient is of this form follows from the chain rule.

If Bg, = 0 any vector gg, with /2 norm bounded by one satisfies (142]) by the Cauchy-Schwarz
inequality.

A.10 Proof of Lemma 4.3l

We can separate the minimization problem into the different groups

k
1 112 - 1 -2 .
in—||8— = in - — B, Al . 144
appdlo=al el - -, s
We can therefore minimize the different terms of the sum separately. Each term
1 ~ 2 ~ 4
- - — Bg. . 145
3 |12 = G, + o |l (145
is convex and has subgradients of the form
g (BQ) = Bgi - Bgi +agq (B%) ) (146)
By, e B
~ =t lf ) 07
a(fe) = {Tll, "7 (147)
0 if g, # 0.

This follows from Lemma [4.2] and the fact that the sum of subgradients of several functions
is a subgradient of their sum.

Any minimizer Bgi of (145)) must satisfy

g(fs.) =o0. (148)
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This implies that if Bgi # 0 then

5% = Bgi + > (149)
Bgi
R B,
= (||Ba]], +a) 2 (150)
/Bgi
2
As a result, g, and fg, are collinear and
86|, = 118e.l1, — o (151)
which can only hold if ||3g,||, > a. In that case,
R o fg,
ﬁgi 9
(0% ﬂg.
— g, — Lo (153)
||ﬁgz| 2

This establishes that as long as ||fg,||, > « (153) is a solution to the proximal problem.
If Bg, = 0 then by (T48)

@ 2 || . — B, (154)

2

. (155)

This establishes that as long as ||8g,||, < @ g, = 0 is a solution to the proximal problem.
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Lecture notes 8 April 11, 2016

Learning signal representations

1 Introduction

In Lecture Notes 4 we described how to design representations that allow to represent signals
with a small number of coefficients and how these sparse representation can be leveraged
to compress and denoise signals. In these notes, we will consider the problem of learning
a representation from a set of signals. In more detail, we assume that we have available a
dataset of n signals x1, 2o, ..., , € R? and our goal is to compute a small set of atoms ®,
..., ®, € R? that allow to build a linear model for each signal

k
vy @Ay 1<j<n, (1)

i=1
where Ay, ..., A, € R* are coefficient vectors. Ideally, k should be significantly smaller than

n, which means that the atoms are able to capture the common structure of the n signals.
The learned atoms can be used for compression, denoising or as features for classification,
whereas the coefficients in A may allow to cluster the different signals, as we will discuss
later on.

If we group the signals into a matrix X := [xl Ty - xn}, learning the atoms and the
corresponding coefficients is equivalent to a matrix-factorization problem,

where @ € R¥>* A € R¥*" The assumption that k is smaller than n means that our goal
is to approximate X with a low-rank matrix.

Learning signal representation is significantly more challenging than fitting models once the
atoms are known. The reason is that any optimization problem of the form

minimize HX — &LZH + Ry (5) + R (g) , (3)
3,4
where ||-|| is an arbitrary norm and R; and R are regularization terms, is nonconvex due to

the product between the variables. Figure 1 illustrates this by plotting the function f (¢, a) =
(1-— pa)’ (i.e. there is only one 1D atom and one coefficient) which has minima along two
separate lines: (a,1/«) and (—a, —1/a) for any o > 0. In higher dimensions, the number of
local minima grows. Interestingly, if no regularization is added, it is possible to find a global
minimum for the nonconvex problem by computing the singular-value decomposition, as we



Figure 2: Examples from the face dataset. The dataset contains 10 face pictures of 40 different
people.



discuss below, but this is no longer the case when we add regularization terms to the cost
function.

Figure 2 shows some examples from a dataset that we will use to illustrate different models.
It contains 10 face pictures of 40 different people, which were taken between April 1992 and
April 1994 at AT&T Laboratories Cambridge!.

2 K means

A possible way of representing a set of signals using a small number of atoms is to cluster
the signals into several groups and assign an atom to each group. This clustering problem
is typically known as k-means clustering. The aim is to learn k atoms ®q, ..., &, that
minimize the cost function

- 2
>z = @ (4)
i=1
¢(i) = arg min, [|z; — D], (5)
In words, ¢ (i) denotes the index of the atom that is assigned to the signal z;.

After carrying out the clustering, the learned model can be expressed as factorization of the
matrix X where the coefficients for each signal are restricted to just select one of the atoms,

X~ [0 O -0 B lecy €@y o eem)] s (6)

where e; is the standard-basis vector (all its entries are zero, except the jth entry which
equals one).

Minimizing the cost function (4) over the choice of atoms and coefficients is computationally
hard (NP-hard). However minimizing the cost function if the atoms or the coefficients are
known is very easy. If the atoms are known, for each signal we just need to select the atom
that is nearest. If the coefficients are known then the following lemma, proved in Section A.1
of the appendix, shows that the optimal atoms just correspond to the mean of each cluster.

Lemma 2.1. For any x,, xa, ..., , € R? the solution to the optimization problem
n
L 2
minimize Ti— 7
pice 3 e ol M)
15 equal to

!See http://scikit-learn.org/stable/datasets/olivetti_faces.html
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Figure 3: Iterations of Lloyd’s algorithm for &k = 3 clusters which are colored orange, blue and
green. The stars indicate the atoms corresponding to each cluster. The original dataset corresponds
to three clusters represented by the circles, triangles and squares.

4



Figure 4: Results of applying k means for different values of k to neural data measured by the
Chichilnisky lab at Stanford.

Lloyd’s algorithm is a heuristic for the k-means problem that alternates between solving the
two subproblems.

Algorithm 2.2 (Lloyd’s algorithm). We initialize the atoms randomly and then alternate
between updating the coefficients and the atoms.

e The assignment step selects the closest atom to each signal,

¢ (i) i=arg min [|o; = @]l (9)

e The averaging step computes the mean of each cluster,

L Z?:ld(c(j):i) X
Y= (=0 (10)

where 6 (c¢(7) =1) equals one if c(j) =i and zero otherwise.

In practice, Lloyd’s algorithm often finds a satisfactory solution to the k-means problem,
although for some initializations it might get stuck in a bad local minimum (an atom may
end up with no assignments for example). To avoid such situations we can run the method
several times, using different random initializations, and select the best solution. Figure 3
illustrates Lloyd’s algorithm by showing several iterations.

We end this section describing two applications of £ means: one in neuroscience and another
in image processing.



Figure 5: Atoms obtained by solving the & means problem superposed on the original neural data.
The data was obtained by the Chichilnisky lab at Stanford.

In neuroscience, data is often collected by placing an array of electric sensors on tissue
containing neurons. Each sensors measures the electric activity of several neurons that can
be well modeled as sequences of spikes. These spikes have different shapes depending on
what neuron generated them. The spike-sorting problem consists of clustering the measured
spikes to assign them to the different cells. If we extract all spiking events from the data
and align them adequately, we can apply solve the k means problem for these signals to sort
the spikes (note that we have to fix the number of neurons k beforehand). Figure 4 shows
the results of applying this procedure with different values of k to some real data measured
by the Chichilnisky lab at Stanford. The atoms learnt using & means can then be used to
obtain a fit to the original data as shown in Figure 5

Figures 6 and 7 show the results of solving the k£ means problem for the faces dataset from
Figure 2 with different values of k. If k£ is small with respect to the number of different
people in the dataset, which is equal to 40, then the atoms learnt by k£ means correspond to
averaging the faces of different people. As we increase k, the atoms become sharper because



Figure 6: Atoms obtained by solving the k& means problem for the faces dataset from Figure 2
with £ =5 and k£ = 15.

they are obtained by averaging less images, and some of them correspond to just one person.

3 Principal-component analysis

We already discussed principal-component analysis (PCA) as a dimensionality-reduction
technique in Lecture Notes 5. In this section we review the method, providing a geometric
and probabilistic interpretation. Then we explain how to learn signal representations using
PCA and end by describing an application to collaborative filtering.



Figure 7: Atoms obtained by solving the & means problem for the faces dataset from Figure 2
with k& = 40.



3.1 Algorithm

PCA allows to find directions in this space along which the data have a high variation. This
is achieved by centering the data and then extracting the singular vectors corresponding to
the largest singular values.

Algorithm 3.1 (Principal component analysis). Given n data vectors &1, Zs,. .., %, € RY,
we apply the following steps.

1. Center the data,

2. Group the centered data in a data matriz X € R¥*"

X:[xl Ty - :Un} (12)

3. Compute the singular-value decomposition (SVD) of X and extract the left singular
vectors corresponding to the k largest singular values. These are the first k principal
components.

3.2 PCA: Geometric interpretation

Once the data are centered, the energy of the projection of the data points onto different di-
rections in the ambient space reflects the variation of the dataset along those directions. PCA
selects the directions that maximize the 5 norm of the projection and are mutually orthog-

onal. The sum of the squared f5 norms of the projection of the centered data x1, s, ..., x,
onto a 1D subspace spanned by a unit-norm vector u can be expressed as
Z | ‘Pspan(u) mz} ‘; = Z UTZL’Z‘ZL‘?’LL (13)
i=1 =1
=u' XX"u (14)
= || XTu|]:. (15)

If we want to maximize the energy of the projection onto a subspace of dimension k, an
option is to choose orthogonal 1D projections sequentially. First we choose a unit vector
U, that maximizes HX Tu‘ |§ and is consequently the 1D subspace that is better adapted to
the data. Then, we choose a second unit vector Us orthogonal to the first which maximizes
HX Tu‘ ‘; and hence is the 1D subspace that is better adapted to the data while being in



o1//n = 0.705,
o2//n = 0.690

o1//m = 0.9832,
2/ /= 0.3559

o1/+/n = 1.3490,
oa/\/n = 0.1438

Us

Figure 8: PCA of a dataset with n = 100 2D vectors with different configurations. The two
first singular values reflect how much energy is preserved by projecting onto the two first principal
components.

the orthogonal complement of U;. We repeat this procedure until we have k orthogonal
directions, which are the first £ principal components.

More formally, the left singular vectors Uy, Us, ..., Uy and the corresponding singular values

0, > 09 > ... > 0, are given by

o = Hrriaxl HXTuHQ, (16)
ul|y=
Uy = alrgnnhax1 HXTUHQ, (17)
ul|y=
oj = |‘II|1|az<1 HXTUHQ, 2< 5 <k, (18)
uLulf,.?.;Lj_l
U, = arg \|H\l\aX1 HXTu| , 2<j<k. (19)
ul|y=

ulu,..,uj_1
This is established in Lemma A.1 of Lecture Notes 5.

Figure 8 provides an example in 2D. Note how each singular value is proportional to the
energy that lies in the direction of the corresponding principal component.

PCA is equivalent to choosing the best (in terms of ¢ norm) k 1D subspaces following a greedy
procedure, since at each step we choose the best 1D subspace orthogonal to the previous ones.
A natural question to ask is whether this method produces the best k-dimensional subspace.
A priori this is not necessarily the case; many greedy algorithms produce suboptimal results.
However, in this case the greedy procedure is indeed optimal: the subspace spanned by the
first k principal components is the best subspace we can choose in terms of the fo-norm of
the projections. The following result is borrowed from Lecture Notes 5 (Theorem 2.5).

10



02/+/n = 0.889

Uncentered data Centered data

Figure 9: PCA applied to n = 100 2D data points. On the left the data are not centered. As a
result the dominant principal component U lies in the direction of the mean of the data and PCA
does not reflect the actual structure. Once we center, U; becomes aligned with the direction of
maximal variation.

Theorem 3.2. For any matriz X € RY™ with left singular vectors Uy, Us,. .., U, corre-
sponding to the singular values oy > 09 > ... > 0y, if we fix any k < min{d,n}

S 1 Poantr ot @il [ = D 1IPs il (20)
=1

i=1

for any subspace S of dimension k.

Figure 9 illustrates the importance of centering before applying PCA. Theorems ?? and 3.2
still hold if the data are not centered. However, the norm of the projection onto a certain
direction no longer reflects the variation of the data. In fact, if the data are concentrated
around a point that is far from the origin, the first principal component will tend be aligned
in that direction. This makes sense as projecting onto that direction captures more energy.
As a result, the principal components do not capture the directions of maximum variation
within the cloud of data.

3.3 PCA: Probabilistic interpretation

Let us interpret our data, x, s, ..., x, in R™, as samples of a random vector x of dimension
m. Recall that we are interested in determining the directions of maximum variation of the

11



data in ambient space. In probabilistic terms, we want to find the directions in which the
data have higher variance. The covariance matrix of the data provides this information. In
fact, we can use it to determine the variance of the data in any direction.

Lemma 3.3. Let u be a unit vector,
Var (z'u) = v Sau. (21)

Proof.
Var (x"u) = E ((x"u)") - E? (x"u) (22)
=E (uxx"u) — E (u"x) E (x"u) (23)
=’ <E (xx") —E(x)E (X)T) u (24)
(25)

= uT'S,u.

Of course, if we only have access to samples of the random vector, we do not know the co-
variance matrix of the vector. However we can approximate it using the empirical covariance
matrix.

Definition 3.4 (Empirical covariance matrix). The empirical covariance of the vectors
T1, %2, ..., Ty 0 R™ is equal to

5, = % S (i =) (5 = )" (26)
= %XXT, (27)

where T,, 1s the sample mean, as defined in Definition 1.3 of Lecture Notes 4, and X 1is the
matriz containing the centered data as defined in (12).

If we assume that the mean of the data is zero (i.e. that the data have been centered using
the true mean), then the empirical covariance is an unbiased estimator of the true covariance
matrix:

E (% > xix;fr) = % > B (xix]) (28)
=1 i=1

= Yh. (29)

12



n=>5 n =20 n = 100

— True covariance
— Empirical covariance

Figure 10: Principal components of n data vectors samples from a 2D Gaussian distribution. The
eigenvectors of the covariance matrix of the distribution are also shown.

If the higher moments of the data E (X?X?) and E (X}!) are finite, by Chebyshev’s inequality
the entries of the empirical covariance matrix converge to the entries of the true covariance
matrix. This means that in the limit

Var (x"u) = u' Syxu (30)
~ 1uTXXTu (31)

n

1
=L @

for any unit-norm vector u. In the limit the principal components correspond to the directions
of maximum variance of the underlying random vector. These directions correspond to
the eigenvectors of the true covariance matrix, which maximize the quadratic form u” Y u.
Figure 10 illustrates how the principal components converge to the eigenvectors of Y.

3.4 PCA as a matrix-approximation method

Let USVT denote the SVD of the data matrix X, which we assume to be centered for
simplicity. PCA allows us to obtain a rank k& decomposition of the form (2) which is optimal
in a certain sense, as shown in the following proposition which is proved in Section A.2 of
the appendix.

Proposition 3.5 (Best rank-k approximation). Let ULVT be the SVD of M. We denote
by Uy, the matriz that contains the first k left singular vectors of M, Y14 a k X k diagonal
matrix containing the k largest singular values of X and Vi, the matrixz containing the first
k right singular vectors. UyxX1.4 VL, is the best rank-k approxvimation of M in Frobenius

13



Figure 11: Principal components corresponding to the faces dataset from Figure 2.

norm,

(33)

Ul:kzl:k‘/iTk = arg min ‘
{M| rank(

F.
We can interpret the principal components ® = U;.; as orthogonal atoms, whereas A =

Y14 V5, corresponds to the coefficient matrix. Figure 11 shows the result of applying PCA
to the faces dataset from Figure 2.

3.5 Collaborative filtering

We now describe an application of PCA to collaborative filtering, where the aim is to pool
together information from many users to obtain a model of their behavior. In particular, for
movie data, we consider the ratings given by a set of users to a set of movies. If the some
of the users have similar tastes, then the ratings will be correlated. PCA allows to uncover
this low-rank structure in the data. We demonstrate this through a simple example. Bob,

14



Molly, Mary and Larry rate the following six movies from 1 to 5,

Bob Molly Mary Larry

1 1 5 4 The Dark Knight
2 1 4 5 Spiderman 3
A= 4 5 2 1 Loye Actually ' (34)
5 4 2 1 Bridget Jones’s Diary
4 D 1 2 Pretty Woman
1 2 5 5 Superman 2

We subtract the average rating,

1
i=1 j=1
(36)
from each entry in the matrix and then compute its singular value decomposition
779 0 0 0
i T 0 162 0 0 T
A-—A=USV' =U 0 0 155 0 Ve, (37)
0 0 0 0.62
where
I M
e R (39)
I A

The fact that the first singular value is significantly larger than the rest suggests that the
matrix may be well approximated by a rank-1 matrix. This is the case (for ease of comparison
the values of A are shown in brackets):

Bob Molly  Mary Larry

1.34(1) 1.19(1) 4.66(5) 4.81(4)\ The Dark Knight
1.55(2) 1.42(1) 4.45(4) 4.58(5)| Spiderman 3

At o U VT = 4.45(4) 4.58(5) 1.55(2) 1.42(1) LoyeActually . (39)
4.43(5) 4.56(4) 1.57(2) 1.44(1) | Bridget Jones’s Diary
4.43(4) 4.56(5) 1.57(1) 1.44(2) | Pretty Woman
1.34(1) 1.19(2) 4.66(5) 4.81(5)/ Superman 2
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The first left singular vector is equal to

D. Knight Spiderman 3 Love Act. B.J.’s Diary P. Woman Superman 2
U= ( —045 —0.39 0.39 0.39 0.39 —-0.45 ).

It can be interpreted as an atom in the sense that centered scores for each person are
proportional to U;. Alternatively, it can be interpreted as coefficients corresponding to the
atoms V) below, which allow to cluster the movies into action (4) and romantic (-) movies.

The first right singular vector is equal to

Bob Molly Mary Larry
Vi= (048 052 —048 —0.52) (40)

It can be interpreted as an atom in the sense that centered scores for each movie are propor-
tional to V7. Alternatively, it can be interpreted as coefficients corresponding to the atom
Uy, which allow to cluster the users that have similar tastes (Bob and Molly vs Mary and
Larry).

This example is obviously very simple, but it illustrates the interest of low-rank models in
collaborative filtering. These models reveal the correlation structure of the data, uncovering
hidden factors that determine users’ preferences and can be used for clustering. Of course,
in practice there will be more than one factor.

4 Nonnegative matrix factorization

4.1 Optimization problem

As explained in the previous section, PCA computes the best low-rank approximation to the
data matrix in Frobenius norm. However, depending on the application the atoms obtained
from the decomposition are not very interpretable. For example, in Figure 11 the atoms may
have negative pixels and the coefficients negative values, so it is difficult to interpret them
as face atoms that can be added to form a face. This suggests computing a decomposition
where both atoms and coefficients are nonnegative, with the hope that this will allow us to
learn a more interpretable model.

A nonnegative matrix factorization of the data matrix may be obtained by solving the

16



Figure 12: Atoms obtained by applying nonnegative matrix factorization to the faces dataset
from Figure 2.

optimization problem,

-2
minimize HX - AH (41)
F
subject to  ®;; >0, (42)
A;; >0, for all 7, j (43)

where ® € R>* and A € R¥*" for a fixed k. This is a nonconvex problem which is computa-
tionally hard, due to the nonnegative constraint. Several methods to compute local optima
have been suggested in the literature, as well as alternative cost functions to replace the
Frobenius norm. We refer interested readers to [2]. Figure 12 shows the atoms obtained by
applying this method to the faces dataset from Figure 2. Due to the nonnegative constraint,
the atoms resemble portions of faces (the black areas have very small values) which capture
features such as the eyebrows, the nose, the eyes, etc.

4.2 Topic modeling

Topic modeling aims to learn the thematic structure of a text corpus automatically. We
will illustrate this application with a simple example. We take six newspaper articles and
compute the frequency of a list of words in each of them. Our final goal is to separate the

17



words into different clusters that hopefully correspond to different topics. The following
matrix contains the counts for each word and article. Each entry contains the number of
times that the word corresponding to column 5 is mentioned in the article corresponding to
TOW 1.

singer GDP senate election vote stock bass market band Articles

6 1 1 0 0 1 9 0 8 a
1 0 9 ) 8 1 0 1 0 b
A= 8 1 0 1 0 0 9 1 7 ¢
0 7 1 0 0 9 1 7 0 d
0 3 6 7 ) 6 0 7 2 e
1 0 8 5) 9 2 0 0 1 f

Computing the singular-value decomposition of the matrix— after subtracting the mean of
each entry as in (37)— we determine that the matrix is approximately low rank

1932 0 0 0
0 1446 0 0 0 0
I D 0 0 499 0 0 0| .z
A-A=Usv'=U| | o 0 27 o o V- (44)
0 0 0 0 167 0
0 0 0 0 0 093

Unfortunately the singular vectors do not have an intuitive interpretation as in Section ?77.
In particular, they do not allow to cluster the words

a b C d e f
U = (=051 —040 —054 —0.11 —0.38 —0.38)
Uy = (019 —045 —0.19 —0.69 —0.2 —0.46) (45)

Us = (014 —-0.27 —-0.09 —-0.58 —0.69 —0.29)

or the articles

singer GDP senate election vote stock bass market band

Vi = (—-0.38 0.05 0.4 0.27 0.4 0.17 —-0.52 0.14 —0.38)
Vo, = (016 —046 0.33 0.15>  0.38— 0.49 0.1 —-047 0.12)
Vs (-0.18 -0.18 -0.04 -0.74 -0.05 0.11 —-0.1 —043 —0.43)
(

46)

A problem here is that the singular vectors have negative entries that are difficult to interpret.
In the case of rating prediction, negative ratings mean that a person does not like a movie.
In contrast articles either are about a topic or they are not: it makes sense to add atoms

18



corresponding to different topics to approximate the word count of a document but not to
subtract them. Following this intuition, we apply nonnegative matrix factorization to obtain
two matrices W € R™** and H € R¥*" such that

In our example, we set k = 3. Hy, Hy and Hj3 can be interpreted as word-count atoms, but
also as coefficients that weigh the contribution of Wy, Wy and Wj.

singer GDP senate election vote stock bass market band

H = (034 0 373 254 367 052 0 035 035)
H, = ( 0 221 021 045 0 264 021 243 022) (49)
Hy = (322 037 0.19 0.2 0 012 413 013  3.43)

The latter interpretation allows to cluster the words into topics. The first topic corresponds
to the entries that are not zero (or very small) in H;: senate, election and vote. The second
corresponds to Hy: GDP, stock and market. The third corresponds to Hj: singer, bass and
band.

The entries of W allow to assign the topics to articles. b, e and f are about politics (topic
1), d and e about economics (topic 3) and a and ¢ about music (topic 3)

a b c d e f
W, = (003 223 0 0 159 224)
W, = (01 0 008 313 232 0) (50)
Wy = (213 0 222 0 0 0.03)

Finally, we check that the factorization provides a good fit to the data. The product W H is
equal to

singer GDP senate  election vote stock bass market band
6.89 (6) 1.01 (1) 0.53 (1) 0.54 (0) 0.10 (0) 0.53 (1) 883 (9) 0.53 (0) 7.36 (8)
0.75 (1) 0 (0) 832 (9) 5.66 (5) 818 (8) 1.15 (1) 0 (0) 0.78 (1) 0.78 (0)
7.14 (8) 0.99 (1) 0.44 (0) 047 (1) 0 (0) 047 (0) 9.16 (9) 0.48 (1) 7.62 (7)
0(0) 7(6.91) 0.67 (1) 1.41(0) 0(0) 828 (9) 0.65 (1) 7.60 (7) 0.69 (0)
0.53 (0) 5.12 (5) 6.45 (6) 5.09 (7) 5.85 (5) 6.97 (6) 0.48 (0) 6.19 (7) 1.07 (2)
0.86 (1) 0.01 (0) 8.36 (8) 5.69 (5) 8.22(9) 1.16 (2) 0.14 (0) 0.79 (0) 0.9 (1)

For ease of comparison the values of A are shown in brackets.
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Figure 13: Atoms obtained by applying sparse PCA to the faces dataset from Figure 2.

5 Sparse principal-component analysis

In certain cases, it may be desirable to learn sparse atoms that are able to represent a set
of signals. In the case of the faces dataset, this may force the representation to isolate
specific face features such as the mouth, the eyes, etc. In order to fit such a model, we can
incorporate a sparsity constraint on the atoms by using the ¢; norm

k
~ ~12 ~
minimize HX—cpAHZJFA;H@ 1 (51)
subject to Héz =1, 1<i<k. (52)
2

Due to the sparsity-inducing constraint, this problem is computationally hard, as in the case
of nonnegative matrix factorization. We refer the interested reader to [0] for algorithms to
compute local minima. Figure 13 shows the atoms obtained by applying this method to the
faces dataset from Figure 2. The model indeed learns very localized atoms that represent
face features.
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Figure 14: Atoms (right) learnt from patches extracted from a natural image (left).

6 Sparse coding

In Lecture Notes 4 we studied several sparsifying transforms that allow to decompose data
into a small number of atoms in order to perform compression or denoising. Dictionary-
learning or sparse-coding techniques allow to learn these transforms directly from the data.
This is very useful in situations where a dataset with a large number of signals cannot
be compactly represented in any predefined dictionary. The aim is to learn a dictionary
® ¢ R™* such that X ~ ® A, where the matrix of coefficients A € R¥*" is very sparse.
Following the heuristic that penalizing the ¢; norm promotes sparse solutions, this may be
achieved by solving the following optimization program,

=1

minHX—&Z L 1<i<k (53)
2

2 ~
min +)\HA
DA F

such that ’ ‘&)Z
1

Note that the formulation is very similar to sparse PCA, with the crucial difference that we
are promoting sparsity in the coefficient matrix, as opposed to in the atoms. An efficient
method to compute a local minimum of the nonconvex problem is to apply techniques based
on stochastic gradient descent [1].

Figure 14 shows patches learnt from a natural image. The corresponding dictionary can
be used to denoise other images quite effectively, as shown in Figure 15. See [3] for other
applications of dictionary learning in image processing. Finally, we note that interestingly
sparse coding was first proposed in neuroscience, as an explanation of the Gabor-like receptive
fields of neurons in the visual cortex [5].
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Figure 15: Denoising results using the dictionary learnt from the image shown in Figure 14.
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A  Proofs

A.1 Proof of Lemma 2.1

The function

£6) =53 llee— ol 59

is convex and its gradient is equal to

Vfg) = Z ¢ — (55)

=neo — Z T;. (56)

Setting the gradient to zero yields the result.
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A.2 Proof of Proposition 3.5

Let M be an arbitrary rank k matrix with singular value decomposition Uy 3V, By
Pythagoras’ Theorem

1X — M||p = ||X — UnULX| |5 + | |M — UnULX] |2

because the column space of X — UypUL X is orthogonal to the column space of M. Now,
recall that by Theorem 3.2,

2 2
U5 X || < [[UnUn X ||
since Uy U1, represents a projection onto a k-dimensional subspace. We conclude that

1 = MIfg > ||X ~ Un U X
> [t X[}
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Lecture notes 9 May 2, 2016

Low-rank models

1 Matrix completion

1.1 The matrix-completion problem

The Netflix Prizel was a contest organized by Netflix from 2007 to 2009 in which teams of
data scientists tried to develop algorithms to improve the prediction of movie ratings. The
problem of predicting ratings can be recast as that of completing a matrix from some of its
entries, as illustrated in Figure [l This problem is known as matriz completion.

At first glance, the problem of completing a matrix such as this one

1 75
{? 3 2} (1)
may seem completely ill posed. We can just fill in the missing entries arbitrarily! In more

mathematical (and perhaps slightly pedantic) terms, the completion problem is equivalent
to an underdetermined system of equations

Mll
10000 0f My 1
00010 0]|[Ms 3
= (2)
00001 0] |My 5
00000 1| |Ms 2
_M23_

In order to solve the problem, we need to make an assumption on the structure of the matrix
that we aim to complete. Recall that in compressed sensing we made the assumption that
the original signal was sparse. Even though the recovery problem in compressed sensing
is also underdetermined, recovery is possible as long as the number of measurements is
proportional to the number of nonzero entries (up to logarithmic factors). In the case of
matrix completion, we will make the assumption that the original matrix is low rank. This
implies that there exists a high correlation between the entries of the matrix, which may
make it possible to infer the missing entries from the observations. As a very simple example,


http://en.wikipedia.org/wiki/Netflix_Prize

Figure 1: A depiction of the Netflix challenge in matrix form. Each row corresponds to a user
that ranks a subset of the movies, which correspond to the columns. The figure is due to Mahdi
Soltanolkotabi.

consider the following matrix

111171
111111
111111 (3)
711111
Setting the missing entries to 1 yields a rank 1 matrix, whereas setting them to any other

number yields a rank 2 or rank 3 matrix.

The low-rank assumption implies that if the matrix has dimensions m x n then it can be
factorized into two matrices that have dimensions m x r and r x n. This factorization allows
to encode the matrix using r (m + n) parameters. If the number of observed entries is larger
than 7 (m + n) parameters then it may be possible to recover the missing entries. However,
this is not enough to ensure that the problem is well posed, as we will see in the following
section.

1.2 When does matrix completion make sense?

The results of matrix completion will obviously depend on the subset of entries that are
observed. For example, completion is impossible unless we observe at least one entry in each



row and column. To see why let us consider a rank 1 matrix for which we don’t observe the
second row,

111 1]. (4)

— = e
e
—_ = e
— = e
— = e =

As long as we set the missing row to equal the same value, we will obtain a rank-1 matrix
consistent with the measurements. In this case, the problem is not well posed.

In general, we need samples that are distributed across the whole matrix. This may be
achieved by sampling entries uniformly at random. Although this model does not completely
describe matrix completion problems in practice (some users tend to rate more movies, some
movies are very popular and are rated by many people), making the assumption that the
revealed entries are random simplifies theoretical analysis and avoids dealing with adversarial
cases designed to make deterministic patterns fail.

We now turn to the question of what matrices can be completed from a subset of entries
samples uniformly at random. Intuitively, matrix completion can be achieved when the
information contained in the entries of the matrix is spread out across multiple entries. If
the information is very localized then it will be impossible to reconstruct the missing entries.
Consider a simple example where the matrix is sparse

0
(5)

o O OO
o O OO
o O OO
&
o O OO
o O OO

o O

If we don’t observe the nonzero entry, we will naturally assume that it was equal to zero.

The problem is not restricted to sparse matrices. In the following matrix the last row does
not seem to be correlated to the rest of the rows,

(6)

W NN NN
DO DN DN DN
W NN DN DN

This is revealed by the singular-value decomposition of the matrix, which allows to decompose



it into two rank-1 matrices.

M=UxVT (7)
0.5

0.5

— |05
0.5

0

0.5
0.5

=8 (05| [0.5 0.5 0.5 0.5]+6
0.5
0

= O'1U1‘/1T+0'2U2‘/2T. (10)

8 0105 05 05 0.5 (8)
0 6 (-05 05 0.5 0.5

_ o O O O

[-0.5 05 —0.5 0.5] (9)

_ o O O O

The first rank-1 component of this decomposition has information that is very spread out,

o UV = (11)

NN NN
NN NN
O DN NN
O DN NN

The reason is that most of the entries of V; are nonzero and have the same magnitude, so
that each entry of U; affects every single entry of the corresponding row. If one of those
entries is missing, we can still recover the information from the other entries.

In contrast, the information in the second rank-1 component is very localized, due to the
fact that the corresponding left singular vector is very sparse,

0 0 0 0
00 0 0

obVi=10 0 0 0 (12)
0 0 0 0
-3 3 -3 3

Each entry of the right singular vector only affects one entry of the component. If we don’t
observe that entry then it will be impossible to recover.

This simple example shows that sparse singular vectors are problematic for matrix comple-
tion. In order to quantify to what extent the information is spread out across the low-rank
matrix we define a coherence measure that depends on the singular vectors.



Definition 1.1 (Coherence). Let U XVT be the singular-value decomposition of an n x n
matriz M with rank r. The coherence v of M is a constant such that

2 N
= < —
DB e
~ o _ T
o< —
e > Vi< oo 14

This condition was first introduced in [3]. Its exact formulation is not too important. The
point is that matrix completion from uniform samples only makes sense for matrices which
are incoherent, and therefore do not have spiky singular values. There is a direct analogy
with the super-resolution problem, where sparsity is not a strong enough constraint to make
the problem well posed and the class of signals of interest has to be further restricted to
signals with supports that satisfy a minimum separation.

1.3 The nuclear norm

In compressed sensing and super-resolution we penalize the ¢; norm of the recovered signal
to promote sparse estimates. Similarly, for matrix completion we penalize a certain matrix
norm to promote low-rank structure.

First, let us introduce the trace operator and an inner product for matrices.

Definition 1.2 (Trace). The trace of an n X n matriz is defined as

trace (M) := Z M;;. (15)
i=1
Definition 1.3 (Matrix inner product). The inner product between two m X n matrices A
and B 1s
(A, B) := trace (A" B) (16)
=> ) AyBy. (17)
i=1 i=1

Note that this inner product is equivalent to the inner product of the matrices if we vectorize
them.

We now define three matrix norms.



Definition 1.4 (Matrix norms). Let oy > 09 > ... > 0, be the singular values of M € R™*",
m > n. The operator norm is equal to the mazimum singular value

[|M]|:= max [[Mul], (18)

[lull;<1

= 07. (19)

The Frobenius norm is the norm induced by the inner product from Definition[1.5. It is equal
to the €5 norm of the vectorized matrix, or equivalently to the {5 norm of the singular values

|M|[p = ‘/Z (20)

= /trace (MTM) (21)

n

2
E o;.
i=1

The nuclear norm is equal to the {1 norm of the singular values

||M]], 522%‘- (23)
i=1

(22)

The following proposition, proved in Section of the appendix, is analogous to Holder’s
inequality for vectors.

Proposition 1.5. For any matriz A € R™*",
|A[|, = sup (A, B). (24)

l1BlI<1

A direct consequence of the proposition is that the nuclear norm satisfies the triangle in-
equality. This implies that it is a norm (it clearly satisfies the other properties of a norm)
and hence a convex function.

Corollary 1.6. For any m X n matrices A and B

1A+ BIl, < [[All, + Bl - (25)
Proof.
|A+ Bll,= sup (A+B,C) (26)
{Cllcl<1y

= sup (A,C)+ sup (B, D) (27)

[IClI<1 [I1D]1<1
= 1Al + Bl - (28)
0
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Figure 2: Values of different norms for the matrix M (t) defined by (29). The rank of the matrix
for each t is marked in orange.

Penalizing the nuclear norm induces low-rank structure, just like penalizing the ¢; norm of
a vector induces sparse structure. A justification for this is that the nuclear norm is the ¢,
norm of the singular values and therefore minimizing it tends to set most of them to zero.
In order to provide a more concrete example, let us consider the following matrix

05+t 1 1
M@#)=1| 05 05 t]|, (29)
05 1—t 05

which is parametrized by the parameter t. In Figure 2| we compare the rank, the operator
norm, the Frobenius norm and the nuclear norm of M (t) for different values of ¢. The value
of ¢ that minimizes the rank is the same as the one that minimizes the nuclear norm. In
contrast, the values of ¢ that minimize the operator and Frobenius norms are different. This
justifies using the nuclear norm as a proxy for the rank.

As we discussed in the previous sections, we are interested in recovering low-rank matrices
from a subset of their entries. Let y be a vector containing the revealed entries and let ) be
the corresponding entries. Ideally, we would like to select the matrix with the lowest rank
that corresponds to the measurements,

min rank ()?) such that Xq = y. (30)

XeRmxn



Unfortunately, this optimization problem is computationally hard to solve. Substituting the
rank with the nuclear norm yields a tractable alternative:

such that Xq = y. (31)

X

min
X eRmxn

The cost function is convex and the constraint is linear, so this is a convex program. In
practice, the revealed entries are usually noisy. They do not correspond exactly to entries
from a low-rank matrix. We take this into account by removing the equality constraint and
adding a data-fidelity term penalizing the fo-norm error over the revealed entries in the cost
function,

1

~ 2 -
min - ‘XQ—y +)\HX , (32)
XcRmxn 2 2 *
where A\ > 0 is a regularization parameter.
We now apply this method to the following completion problem:
Bob Molly Mary Larry
1 ? 5 4 The Dark Knight
Spiderman 3
Love Actually (33)

Bridget Jones’s Diary
Pretty Woman
Superman 2

— o O
N O = Ot =
NN N
Tt DN = 0 Ot

In more detail we apply the following steps:

1. We compute the average observed rating and subtract it from each entry in the matrix.
We denote the vector of centered ratings by y.

2. We solve the optimization problem ({31)).

3. We add the average observed rating to the solution of the optimization problem and
round each entry to the nearest integer.

The result is pretty good,
Bob Molly Mary Larry

1 2 (1) 5 4\ The Dark Knight
2 (2) 1 4 5 Spiderman 3
4 5 2 2 (1) | Love Actually (34)
5 4 2 1 Bridget Jones’s Diary
4 5 1 2 Pretty Woman
1 2 5 (5) 5 Superman 2

For comparison the original ratings are shown in brackets.



1.4 Theoretical guarantees

In this section we will explain how to establish theoretical guarantees for matrix completion
via nuclear norm minimization. The following theorem is proved in [6].

Theorem 1.7 (Matrix completion). If the matriz M has rank r and coherence i, the solution
to the optimization problem

X such that Xq =y (35)

min
)?E]Rmx n

*

achieves exact recovery with high probability as long as the number of samples is proportional
to pr (n+m) (up to logarithmic terms).

For matrices that are incoherent, the coherence parameter is equal to a constant, so that
nuclear norm allows to reconstruct the matrix from a minimal number of measurements
(recall that a low-rank matrix depends on r (n 4+ m) parameters), up to logarithmic factorg]

In order to prove that a certain matrix is the solution to the optimization problem we use
the same technique that we used to analyze compressed sensing and super-resolution: we
build a dual certificate. The dual certificate is a subgradient with a certain structure, so we
first define the subgradients of the nuclear norm.

Proposition 1.8 (Subgradients of the nuclear norm). Let M = UXVT be the singular-value
decomposition of M. Any matriz of the form

G:=UVi4+w W] <1, (36)
U™W =0, (37)
WV =0 (38)

15 a subgradient of the nuclear norm at M.

Proof. Note that by definition ||G|| < 1. For any matrix H

||M + H||, > (G,M + H) by Proposition [L.5 (39)
= (UV",M) + (G, H) (40)

— ||M]||, + (G, H) asin (137). (41)

[l

The following proposition provides a dual certificate for the nuclear-norm minimization prob-
lem.

'In fact, one can show that a multiplicative logarithmic factor is necessary in order to make sure that all
rows and columns are sampled. See [4].



Proposition 1.9 (Dual certificate for nuclear-norm minimization). Let M = UXVT be the
singular-value decomposition of M. A matriz QQ supported on €, i.e. such that

Qoc =0, (42)

1 a dual certificate of the optimization problem

“min || X such that Xq =y (43)
XeRrmxn *
as long as
Q=0vi+w, W] <1, (44)
UTW =0, (45)
WV =0. (46)

Proof. By Proposition @ is a subgradient of the nuclear norm at M. Any matrix that
is feasible for the optimization problem can be expressed as M + H where Hg = 0 because
the revealed entries must be equal to Mq. This immediately implies that (Q, H) = 0. We
conclude that

|M + HI|, > [IM]], +(Q, H) (47)
= |[M]],.. (48)

This proves that M is a solution. A variation of this argument that uses the strict inequality
in establishes that if @ exists then M is the unique solution [3]. O

In order to show that matrix completion via nuclear-norm minimization succeeds, we need
to show that such a dual certificate exists with high probability. For this we will need the
matrix to be incoherent, since otherwise UVT may have large entries which are not in €.
This would make it very challenging to construct @ in a way that UVT = Q — W for a matrix
W with bounded operator norm. The first guarantees for matrix completion were obtained
by constructing such a certificate in 3] and [4]. Subsequently, the results were improved
in [6], where it is shown that an approzimate dual certificate also allows to establish exact
recovery, and simplifies the proofs significantly.

1.5 Algorithms

In this section we describe a proximal-gradient method to solve Problem [32 Recall that
proximal-gradient methods allow to solve problems of the form

minimize f (z) + g (z), (49)

10



where f is differentiable and we can apply the proximal operator prox, efficiently.

Recall that the proximal operator norm of the ¢; norm is a soft-thresholding operator. Analo-
gously, the proximal operator of the nuclear norm is applied by soft-thresholding the singular
values of the matrix. The result is proved in Section of the appendix.

Proposition 1.10 (Proximal operator of the nuclear norm). The solution to

min ’Y XH +7“ (50)
Sermxn 2
is D, (Y), obtained by soft-thresholding the singular values of Y = U XVT
D, (Y)=US, (%)V7, (51)
i — f Yo > T,
8 (®) =T BT (52)
0 otherwise.

Algorithm 1.11 (Proximal-gradient method for nuclear-norm regularization). Let Y be a
matrix such that Yo =y and let us abuse notation by interpreting Xg()k) as a matrixz which is

zero on Q. We set the initial point X© to Y. Then we iterate the update
X(k+1) — Dak)\ <X(’€) — oy (Xs()k) _ Y)) ’ (53)

where oy, > 0 is the step size.

1.6 Alternating minimization

Minimizing the nuclear norm to recover a low-rank matrix is an effective method but it has a
drawback: it requires repeatedly computing the singular-value decomposition of the matrix,
which can be computationally heavy for large matrices. A more efficient alternative is to
parametrize the matrix as AB where A € R™* and B € R**", which requires fixing a
value for the rank of the matrix k (in practice this can be set by cross validation). The two
components A and B can then be fit by solving the optimization problem

(38), -

This nonconvex problem is usually tackled by alternating minimization. Indeed, if we fix
B = B the optimization problem over Alis just a least-squares problem

(38), ] g

min
AeRmxk BeRkxn

(54)

‘ 2

min
AeRmxk

and the same is true for the optimization problem over B if we fix A = A. [teratively
solving these least-squares problems allows to find a local minimum of the cost function.
Under certain assumptions, one can even show that a certain initialization coupled with this
procedure guaranteees exact recovery, see [8] for more details.
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Figure 3: Principal components of a dataset before and after the inclusion of an outlier.

2 Low rank + sparse model

2.1 The effect of outliers on principal-component analysis

It is well known that outliers may severely distort the results of applying principal-component
analysis to a dataset. Figure[3|shows the dramatic effect that just one outlier can have on the
principal components. Equivalently, if several entries of a matrix are entirely uncorrelated
with the rest, this may disrupt any low-rank structure that might be present. To illustrate
this consider a rank-1 matrix of movie ratings

Bob Molly
1 1
1 1
5 5
5 5
5 5
1 1

Mary Larry
) )
) )
1 1
1 1
1 1
) )

12

The Dark Knight

Spiderman 3

Love Actually (56)
Bridget Jones’s Diary

Pretty Woman

Superman 2



Now imagine that Bob randomly assigns a 5 instead of a 1 to The Dark Knight by mistake
and that Larry hates Superman 2 because one of the actresses reminds him of his ex,

Bob Molly Mary Larry

5 1 ) 5t The Dark Knight

1 1 5 5 Spiderman 3

5 5 1 1 Love Actually (57)
5 ) 1 1 Bridget Jones’s Diary

5) ) 1 1 Pretty Woman

1 1 ) 1 Superman 2

Now let us compare the singular-value decomposition after subtracting the mean rating with

8.543 0 0 0
T 0 4.000 0 0 T
Uvxve =vU 0 0 2649 0 v (58)
0 0 0 0
and without outliers
9798 0 0 O
- 0 0 00
i T _ T
A—A=UXV U 0 00 0 V. (59)
0 0 00

The matrix is now rank 3 instead of rank 1. In addition, the first left singular vector,

D. Knight Sp. 3 Love Act.  B.J.s Diary ~ P. Woman Sup. 2
U= (—0.2610 —0.4647  0.4647 0.4647 0.4647  —0.2610)  (60)

does not allow to cluster the movies as effectively as when there are no outliers

D. Knight Sp. 3 Love Act. B.J.s Diary  P. Woman Sup. 2
Ur = (-0.4082 —0.4082  0.4082 0.4082 0.4082  —0.4082).  (61)

2.2 Low rank + sparse model

In order to tackle situations where a low-rank matrix may be corrupted with outliers, we
define a low-rank + sparse model where the matrix is modeled as the sum of a low-rank
component L and a sparse component S. Figure [4/shows an example with simulated data. If
we are able to separate the two components from the data, we can apply PCA to L in order

13



S

Figure 4: M is obtained by summing a low-rank matrix L and a sparse matrix S.

to retrieve the low-rank structure that is distorted by the presence of S. The problem of
separating both components is very related to matrix completion: if we knew the location of
the outliers then we could just apply a matrix-completion method to the remaining entries

in order to recover the low-rank component.

We now consider under what assumptions the decomposition of a low rank and a sparse
component is unique. Clearly the low-rank component cannot be sparse, otherwise there

can be many possible decompositions

000 O
00 0 23
000 O
000 O
0000
0000
0000
0000

0
0
0
0

o O O

0

o O O O

o O O

0

o O O O

o O O

0

o O OO

o O O

0

o O OO

o O O

0

0 0 0
0 0 0
0 0 0 (62)
0 47 0

(63)
0 0 0
23 0 0
0 0 0 (64)
0 47 0

We can avoid this by considering low-rank components with low coherence.

Similarly, the sparse component cannot be low rank. This occurs when its support is highly
concentrated on a small number of columns or rows,

1
1
1
1

DO = =

1

1
1
1

O S

— = = =

DO =

—_ = = =

RO =

1

1
1
1

DO = =

14

0
0
0
1

o O O O

0

0
0
1

o O O O

_ o O O

o O O O

(65)

— o O O
_— o O O
_— o O O

(66)

o O O O
o O OO
o O OO



A simple assumption that precludes the support of the sparse component from being too
concentrated is that it is distributed uniformly at random. As in the case of the revealed
entries in matrix completion, this assumption doesn’t usually hold in practice but it often
provides a good approximation.

2.3 Robust principal-component analysis

Following the ideas that we discussed in previous lecture notes and in Section[1.3], we compute
the decomposition by penalizing the nuclear norm of L, which induces low-rank structure,
and the /1 norm of S, which induces sparse structure.

Cmin ||Z]| +x H§ such that L + S = M, (68)
L,Sermxn * 1
where M is the matrix of data. To be clear, ||-||, is the ¢; norm of the vectorized matrix and

A > 0 is a regularization parameter. This algorithm introduced by [2l/5] is often called robust
PCA, since it aims to obtain a low-rank component that is not affected by the presence of
outliers.

The regularization parameter A\ determines the weight of the two structure-inducing norms.
It may be chosen by cross validation, but its possible values may be restricted by considering
some simple examples. If the matrix that we are decomposing is equal to a rank-1 matrix,
then the sparse component should be set to zero. Since

1111 1111
111 1| 1111l

111 1] =™ 111 1] =™ (69)
111 1|, 111 1]

we must have A\ > % for this to be the case. In contrast, if the matrix contains just one
nonzero entry then the low-rank component should be set to zero. Since

0000 0000
0100 0100
000 ol =h 000 ol =1 (70)
00 0 0], 00 0 0]]]

this will be the case if A < 1. Finally, if the matrix just has a row of ones it is unclear
whether we should assign it to the low-rank or the sparse component, so the value of the
two terms in the cost function should have a similar value. Since

1111 1111
0000 0000
000 oll =V™ 000 o0l =" (71)
00 0 0] 000 0ff,
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_ 1
A=
_ 4
A=
)\:ﬁ

Figure 5: Results of solving Problem for different values of the regularization parameter.

this suggests setting \ ~ \/Lﬁ

Figure [5 shows the results of solving Problem for different values of A. If X is too small,
then it is cheap to increase the content of the sparse component, which won’t be very sparse
as a result. Similarly, if A is too large, then the low-rank component won’t be low-rank,

as the nuclear-norm term has less influence. Setting A\ correctly allows to achieve a perfect
decomposition.
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2.4 Theoretical guarantees

The following theorem from [2] provides theoretical guarantees for the decomposition of low-
rank and sparse matrices using convex optimization. We omit some details in the statement
of the result, which can be found in [2].

Theorem 2.1 (Exact decomposition via convex programming). Let M = L+ S be an xn
matriz where L is rank r and has coherence p and the support of S is distributed uniformly
at random. Problem with A = 1/y/n recovers L and S ezactly as long as the rank of L
is of order n/p up to logarithmic factors and the sparsity level of S is bounded by a certain

constant times n?.

As long as the low-rank component is incoherent and the support of the sparse component
is uniformly distributed, convex programming allows to obtain a perfect decomposition up
to values of the rank of L and the sparsity level of S that are essentially optimal.

The proof of this result is based on the construction of an approximate dual certificate. This
certificate approximates the certificate described in the following proposition.

Proposition 2.2 (Dual certificate for robust PCA). Let M = L + S, where L = ULVT s
the singular-value decomposition of L and ) is the support of S. A matriz QQ of the form

Q=UVT +W = \sign(S) + F (72)

where
W <1, U'W =0, WV =0, (73)
Fo =0, I1F|l. < A, (74)

is a dual certificate of the optimization problem

L such that L+ S = M. (75)

_ min
L,SeRmxn

*+AH§

1

Proof. Let us consider a feasible pair L+ L' and S+5’. Since L+S = M, L+L'+S+5 = M
implies L' + 5" = 0. The conditions on @ imply that @ is a subgradient of the nuclear norm
at L and that %Q is a subgradient of the /1 norm at .S, which implies

/ ! !/ 1 !/
2+ L+ A+ ST 2 2L+ QL)+ AlSL +A(3.8) (79
= ILIL + AlISIy + (@, L + ) (77)
= [ILIL + ISl (78)

Modifying the argument slightly to use the strict inequalities in and allows to prove
that L and S are the unique solution. O
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2.5 Algorithms

In order to derive an algorithm to solve Problem ([68)), we will begin by considering a canonical
problem with linear equality constraints

minimize  f (2) (79)
subject to Az =y. (80)

The Lagrangian of this problem is
L(x,z) = f(z)+(z, Az —y), (81)

where z is a Lagrange multiplier or dual variable. The dual function is obtained by mini-
mizing the Lagrangian over the primal variable z,

g(z):= ir;ff () + (z, Az — y) . (82)

If strong duality holds, for a primal solution x* and a dual solution z* we have

fa") =g(=%) (83)
= igfﬁ (x,2%) (84)
< f(z%). (85)

This implies that if we know z*, we can compute x* by solving
minimize L (z,2%). (86)

The dual-ascent method tries to find a solution to the dual problem by using gradient ascent
on the dual function. In more detail, to compute the gradient of the dual function at z
we first minimize the Lagrangian over the primal variable to obtain the minimizer z. The
gradient is then equal to

Vg(z)= Az —y. (87)

Algorithm 2.3 (Dual ascent). We set an initial value 9. Then we iterate between updating
the primal and the dual variables.

e Primal-variable update

2™ = argmin £ (z, 2). (88)

e Dual-variable update

for a step size a'® > 0.
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It turns out that the dual-ascent method is not very stable [1]. This may be tackled by
defining an augmented Lagrangian

Ly (2,2) = f (@) + (2, Az — ) + £ || Az — ][5, (90)

which corresponds to the Lagrangian of the modified (yet equivalent) problem
minimize  f () + 2 || Az — I (91)
subject to Az =y, (92)

where p > 0 is a parameter. Applying dual ascent using the augmented Lagrangian yields
the method of multipliers.

Algorithm 2.4 (Method of multipliers). We set an initial value z». Then we iterate
between updating the primal and the dual variables.
e Primal-variable update

2™ = argmin £, (z,2"). (93)

e Dual-variable update

2D = 20 4 p (AxPz —y) . (94)

Note that in the dual-variable update we have set the step size to p. This can be justified
as follows. Setting z(**1) so that

V.L (x(k), z(kﬂ)) =0 (95)

means that the Lagrangian of the original problem is minimized in each iteration. Given
that

V.L, (Z‘(k), z(k)) =V.f (x(k)) + AT (Z(k) +p(Az —y)) (96)
and
V.L, (2™, 2W) =0, (97)
setting z**1) as in yields
V.L (:c(k), z(k“)) =V.f (x(k)) + AT (z(k) + p(Az —y)) (98)
= 0. (99)
Applying the same ideas to a composite objective function
minimize  fi (1) + fo (22) (100)
subject to Axy + Bra =y (101)

yields the alternating direction method of multipliers (ADMM).
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Algorithm 2.5 (Alternating direction method of multipliers). We set an initial value z(©.
Then we iterate between updating the primal and the dual variables.

e Primal-variable updates

wgk) =argmin L, (a:,xék_l), z(k)> , (102)
2 = argmin L, (a:gk), x, z(k)) . (103)

e Dual-variable update
S ) ( Az® 4 Ba® y> - (104)

This description of ADMM is drawn from the review article [1], to which we refer the
interested reader for more details. We now apply the method to Problem . In this case
the augmented Lagrangian is of the form

LI+ AISH, + (2, L+ S = Y) + S lIL+5 = M3 (105)

The primal update for the low-rank component is obtained by applying Proposition [1.10]

L® = arg min £, (L,s*1, Zz®) (106)
. k P k—1 2
= argmin ||L|, + (2", L) + || L + 5% — M|, (107)
1
=Dy, <—Z(’“) + Stk M) . (108)
P

The primal update for the sparse component is obtained by recalling that softhresholding is
the proximal operator for the /; norm.

Sk = arg min £, (S, Lk, Zk)) (109)
: k P k-1 2
:argms}n)\||5|]1+<Z(),S>+§HL( )+S—MHF (110)
1
=S\, (—Z(’“) + L") — M> . (111)
P

This yields ADMM for robust PCA, also described under the name ALM (augmented La-
grangian method) in the literature [9).

Algorithm 2.6 (ADMM for robust PCA). We set an initial value Z¥). Then we iterate
between updating the primal and the dual variables.
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Column 17 Column 42 Column 75

Figure 6: Background subtraction results from a video. This example is due to Stephen Becker.
The code is available at http://cvxr.com/tfocs/demos/rpca.

e Primal-variable updates

1

LK) — Dy <—Z(k) + g1 _ M) 7 (112)
p
1

S® =Sy, (—Z“f) + L™ — M) . (113)
p

e Dual-variable update
704D = 70 4 (LW 4 §® — pp) (114)

2.6 Background subtraction

In computer vision, the problem of background subtraction is that of separating the back-
ground and foreground of a video sequence. Imagine that we take a video of a static back-
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ground. We then stack the video frames in a matrix M, where each column corresponds to
a vectorized frame. If the background is completely static, then all the frames are equal to
a certain vector f € R™ (m is the number of pixels in each frame) and the matrix is rank 1

M=[f f - fl=f[1 1 - 1]. (115)

If the background is not completely static, but instead experiences gradual changes, then
the matrix containing the frames will be approximately low rank. Now, assume that there
are sudden events in the foreground. If these events occupy a small part of the field of view
and do not last very long, then the corresponding matrix can be modeled as sparse (most
entries are equal to zero). These observations motivate applying the robust PCA method
to background subtraction. We stack the frames as columns of a matrix and separate the
matrix into a low-rank and a sparse component. The results of applying this method to a
real video sequence are shown in Figure [6]
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A  Proofs

A.1 Proof of Proposition [1.5

The following simple lemma will be very useful. We omit the proof.

Lemma A.1. For any m X n matrices A and B

trace (AB) = trace (BA) . (116)

The proof relies on the following two lemmas.
Lemma A.2. For any Q € R™", U ¢ R™*™ V ¢ RV if UTU =T and VTV = I then
TRV = 1Q]l. (117)

Proof. By the definition of the operator norm,

vV = s IUQVell, (118)
= Hs.‘1|1p1 VaTVIQTUTUQV x (119)
zll,=
= ||S‘1|lp1 2TVTQTQV x (120)
oll,=
= s VITQTQy becnuse e, = 1Vl (121)
=@l (122)
]

Lemma A.3. For any @) € R™*"

max |Qy] < [|Q]]. (123)

1<i<n
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Proof. We denote the standard basis vectors by e;, 1 <1i < n. Since ||e;]], = 1,

| <
max |Qi| < max

= max ||Qeill

< sup ||Qxl],.

[lz||,=1

By Lemma if the singular value decomposition of A is UX VT then
sup tr (ATB) = sup tr (VE UTB)
IBl|<1 1BlI<1

= sup tr (E BUTV).
IB][<1

(124)

(125)
(126)

(127)

(128)

By Lemma BUTV has operator norm equal to ||B|| = 1. By Lemma this implies

that its diagonal entries have magnitudes bounded by one. We conclude that

sup tr (ATB) < sup tr (X M)
< sup Z M;; o;

{M| max1§¢§n|Mii|S1} i=1

(129)

(130)

(131)

(132)

To complete the proof, we need to show that the equality holds. Note that UV” has operator
norm equal to one because its r singular values (recall that r is the rank of A) are equal to

one. We have

<A, UVT> = trace (ATUVT)
= trace (V by UTUVT)
= trace (V'V ¥) by Lemma
= trace (X)
= [IA]],-
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A.2 Proof of Proposition [1.10

Due to the Frobenius norm term, the cost function is strictly convex. This implies that
any point at which there exists a subgradient that is equal to zero is the solution to the
optimization problem. The subgradients of the cost function at X are of the form,

X -Y +1G, (138)

where G is a subgradient of the nuclear norm at X. If we can show that

Yo - b, vy (139)

-
is a subgradient of the nuclear norm at D, (Y) then D, (Y) is the solution.

Let us separate the singular-value decomposition of Y into the singular vectors corresponding
to singular values greater than 7, denoted by U, and V; and the rest

Y =UxV’ (140)

~ [0 v 3 o] % Wl ()

Note that D, (Y) = Uy (3o — 71) VT, so that

1 1
—(Y =D, (V) =UVL + ;UlzlvlT. (142)

T

By construction all the singular values of U;%;V/! are smaller than 7, so

1
H;U&VF <1 (143)

In addition, by definition of the singular-value decomposition Ul U; = 0 and V' V; = 0. As
a result, (142)) is a subgradient of the nuclear norm at D, (V') and the proof is complete.
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